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materials  procurement  takes  place  in  batches.  This  can  happen  because  of 
two  reasons: 

-  Economies  of  scale:  if  the  average  cost  of  producing,  purchasing,  or 
moving  stock  decreases  as  the  lot  size  increases  it  is  advantageous 
to  operate  with  larger  quantities  at  a  time.  A  typical  example  is 
when  a  fixed  setup  or  an  administrative  cost  is  incurred  whenever 

an  item  has  to  be  produced  or  ordered  from  an  outside  vendor. 

A  larger  order  quantity  results  in  a  reduced  fixed  cost  per  unit 
of  item. 

-  Technological  requirements:  the  design  of  the  process  may  impose 
certain  batch  sizes.  For  instanced,  in  a  chemical  reactor 
processing  by  tankfuls  might  be  necessary  in  order  to  achieve 
desired  reaction  parameters. 

Cycle  inventory,  also  called  lot  size  inventory,  exhibits  a  time 
behavior  that  alternates  between  a  high  point,  corresponding  to  the- delivery 
of  the  batch  to  stock,  and  a  low  point  that  immediately  precedes  delivery 
to  stock. 

Seasonal  stocks.  When  the  requirements  for  the  items  vary  with  time, 
it  may  become  economical  to  build  inventory  during  periods  of  low  demand 
to  ease  the  strain  of  peak  demand  periods  upon  the  production  facilities. 

The  extent  to  which  this  policy  should  be  used  is  determined  by  balancing 
the  cost  of  carrying  seasonal  inventories  against  the  cost  of  changing 
the  production  rate  and  of  not  meeting  demand  entirely.  This  problem  has 
been  extensively  dealt  with  in  Hax  [1978]. 

Safety  stocks.  Inventories  may  be  carried  because  of  uncertainties 
of  future  requirements.  Future  requirements  are  estimated  by  forecasting 
but  forecasts  are  always  accompanied  by  errors.  If  planning  is  done  disregard¬ 
ing  the  possible  forecasting  errors,  shortages  may  be  incurred  when  materialized 
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requirements  exceed  the  forecast.  To  prevent  the  losses  normally  associated 


with  shortages,  safety  stocks  have  to  be  held  in  the  form  of  extra  inventories 


above  the  level  that  would  result  from  planning  on  the  basis  of  the  demand 


forecasts  alone 


Safety  stocks  can  offer  protection  not  only  against  demand  uncertainties 


Whenever  the  quantities  delivered  vary  from  what  is  ordered,  or  when 


procurement  lead  times  exhibit  a  probabilistic  behavior,  safety  stocks  are 


an  effective  tool  in  hedging  against  supply  uncertainties 


Stock  held  for  other  reasons.  Inventories  can  perform  the  important 


function  of  decoupling  the  various  stages  of  production.  By  deliberately 


creating  stocking  points  between  adjacent  stages,  a  certain  degree  of 


independence  can  be  achieved  in  operating  the  stages.  Without  such 


decoupling  inventories,  any  disturbance  at  some  stage  would  shortly  affect 


the  entire  system.  Stocks  may  be  carried  for  a  number  of  other  seasons 


to  take  advantage  of  a  favorable  raw  material  price  or  quantity  discounts 


to  anticipate  an  expected  rise  in  price,  etc.  (Morgan  [1963]) 


1.2  Classification  of  Inventory  Systems 


An  inventory  system  is  composed  of  a  large  number  of  elements  and  has 


to  perform  functions  of  major  significance  to  the  company  (Hax  [1976]) 


In  order  to  prescribe  an  inventory  system  to  support  the  organization's 


logistics  process  it  is  important  in  the  first  place  to  identify  the  type 


of  system  called  for,  based  or.  the  elements  that  are  present  in  the  product 


structure  of  the  firm  and  the  degree  of  complexity  involved  in  making  the 


logistics  decisions.  To  this  purpose  four  categories  of  inventory  systems 


can  be  identified 


Pure  Inventory  Systems.  These  systems  are  intended  to  support  decisions 


regarding  the  replenishment  of  inventories  for  individual  items.  The 


decision  rules  associated  with  these  systems  are  statistically  based  and 


4 


specify  for  each  item  an  order  point  (that  determines  when  the  item  should 
be  ordered),  and  an  order  quantity  (that  determines  how  much  to  order). 

Each  item  is  treated  independently  from  any  other  item  except,  perhaps,  to 
allow  for  joint  ordering  of  families  of  items,  and  to  account  for  simple 
aggregate  constraints  reflecting  storage,  financial  or  other  limitations. 

Pure  inventory  systems  are  normally  applicable  to  raw  material  purchasing 
decisions,  and  retail  or  wholesale  activities,  where  items  are  purchased 
from  outside  vendors  and,  possibly,  minor  production  operations  are  performed 
such  as  cutting,  packaging.  Pure  inventory  systems  can  also  be  used  to 
control  production  of  finished  goods  in  very  simple  manufacturing  environments 
which  are  not  affected  by  significant  fluctuations  in  demand  requirements 
and  where  ample  production  capacity  is  available.  As  these  conditions  are 
rarely  met  in  most  productions  environments,  pure  inventory  systems  are 
basically  used  to  support  only  purchasing  decisions. 

Production- Inventory  Systems.  These  systems  apply  to  situations  where 
the  firm  manufactures  the  finished  products  internally  rather  than  procuring 
them  externally.  The  manufactured  items  normally  compete  for  production 
capacity;  therefore  simple  order  point-order  quantity  rules,  that  ign'-',:e 
item  interactions,  are  no  longer  effective  control  tools.  Higher  level 
decisions  have  to  be  made  for  the  allocation  of  scarce  resources  among  the 
competing  items.  The  specific  methodologies  vary  significantly  with  the 
type  of  production  process  involved  in  the  manufacturing  activities.  In 
particular,  a  fabrication  or  intermittent  process  has  to  be  controlled 
quite  differently  from  an  assembly  or  continuous  process. 

t 

Obviously,  the  development  of  a  production-inventory  system  is  much 
more  of  a  complex  task  than  the  design  of  a  pure  inventory  system.  Hax  [1978] 
has  given  an  in-depth  coverage  of  various  approaches  to  modelling  the  alloca¬ 
tion  of  production  capacity  and  labor  at  the  aggregate  level.  Hax  and  Meal 

.* 
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[1975]  and  Bltran  and  Hax  [1977]  have  considered  the  integration  of  aggregate 
and  detailed  level  decisions  in  production-inventory  systems. 

Distribution- Inventory  Systems  and  Production-Distribution-Inventory 
Systems.  The  added  feature,  the  distribution,  involves  the  allocation 
of  available  inventory  (purchased  from  outside  vendors  in  distribution- 
inventory  systems,  or  manufactured  internally  in  a  production-distribution- 
inventory  system)  among  a  set  of  stocking  points  located  in  a  possibly  complex 
network.  In  practice,  sound  applicable  management  science  support  is  not 
available  for  these  types  of  decisions.  There  are  two  basically  different 
procedures  that  are  used  to  deal  with  the  inventory  allocation  aspect. 

In  the  first  one,  referred  to  as  a  push  system,  the  allocation  of  inventory 
is  decided  centrally  for  the  whole  system  taking  into  account  all  the 
distribution  requirements  and  stock  availabilities  throughout  the  distribution 
network.  Mathematical  programming  models  are  instrumental  in  supporting 
push  systems.  By  the  second  procedure,  referred  to  as  the  pull  system,  the 
individual  warehouses  generate  requests  for  inventory  replenishment  indepen¬ 
dently,  based  on  their  own  inventory  status  and  demand  requirements. 
Statistically  based  inventory  models  have  been  associated  with  pull  systems. 

An  important  issue,  that  has  been  hardly  tackled  by  researchers,  is 
that  of  the  integration  of  distribution,  production  and  scheduling  into 
a  coherent,  coordinated  planning  system.  Although  attempts  have  been 
made  to  approach  this  problem  (e.g.:  Hax  [1973],  Hax  and  Meal  [1975], 

Krauss  [1977]),  answers  of  a  more  general  nature,  to  questions  like:  how 
and  at  what  level  should  distribution  planning  interact  with  production 
planning  and  scheduling,  are  yet  to  be  provided.  As  Karmarkar  [1975,  p.  199] 
points  out,  while  the  hierarchical  framework  holds  promise  for  a  solution 

l 

to  the  problem,  the  issues  of  aggregation  and  disaggregation  of  items  may 
prove  to  be  difficult  since  the  bases  for  aggregation  may  not  be  the  same 


'  :  J  is,  X  lj  J.  J. 
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for  production  and  distribution. 

In  this  paper  we  are  primarily  concerned  with  pure  inventory  systems. 

1 . 3  Objectives  and  Structure  of  An  Inventory  Management  System 

As  Brown  [1378a,  p.  173]  mentioned,  there  have  been  two  streams  of 
development  in  the  field  of  inventory  operations.  One  is  represented  by 
mathematical  abstractions  of  the  inventory  system  in  which  the  major  effort 
went  into  modelling  the  process  and  searching  for  optimal  policies  in 
terms  of  minimizing  relevant  costs.  There  is  a  large  and  still  growing 
literature  on  inventory  theory,  in  which  papers  such  as  Arrow,  et  al  [1953], 
Dvoretzky,  et  al.  [1952,  1953],  and  books  like  Whitin  [1953],  Arrow,  et  al. 
[1958],  Scarf,  et  al.  [1963],  Hadley  and  Whitin  [1963]  have  already  become 
classics.  The  interested  reader  can  find  good  starting  references  in  any 
operations  management  book  written  with  an  operations  research  bias  (e.g.: 
Johnson  and  Montgomery  [1974],  Zimmermann  and  Sovereign  [1974]).  The 
other  school  of  thought  is  primarily  concerned  with  practical  issues  such  as 
demand  and  costs  measurement,  system  design,  relations  among  logistics  and 
other  industrial  management  functions,  system  management,  etc.  (Magee  [1968], 
Magee  and  Boodman  [1967],  Brown  [1967,  1977]. 

In  our  view,  an  inventory  system  can  be  defined  as  a  coordinated  set  of 
rules  and  procedures  that  allow  for  routine  decisions  on  when  and  how  much 
to  order  of  each  item  needed  in  the  manufacturing  or  procurement  process 
to  fill  customer  demand,  that  call  attention  to  the  non-routine  situations 
the  rules  do  not  cover,  and  that  provide  managers  with  the  necessary  infor¬ 
mation  to  make  these  decisions  effectively.  The  objective  of  a  well- 
designed  procedure  should  be  the  minimization  of  the  costs  incurred  in  the 
inventory  system,  attaining  at  the  same  time  the  customer  service  level 
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specified  by  the  company  policies.  Therefore,  the  inventory  management 
problem  is  treated  in  this  chapter  from  an  implementable  system  perspective. 
While  the  theoretical  developments  have  to  be  given  full  credit  for  the 
insights  they  bring  into  the  problem  and  for  the  establishment  of  the 
form  of  optimal  policies,  the  design  of  the  system  has  to  rely  on  decision 
rules  that  represent  some  implementable  form  of  the  'theoretically  derived 
optimal  policies. 

An  inventory  management  system  can  be  viewed  as  being  structured  of 
subsystems  or  modules : 

-  the  transactions  and  file  maintenance  module, 

-  the  decision  rules  module, 

-  the  system  integrative  module, 

-  the  system-management  interaction  and  evaluation  module. 

The  transactions  and  file  maintenance  module  concerns  the  bookkeeping 
of  inventory  control,  namely  the  entry,  auditing,  control  and  processing 
of  inventory  transactions,  as  well  as  the  file  maintenance  functions. 

Files  have  to  be  continuously  updated  in  order  to  provide  accurate  informa¬ 
tion  on  available  stock  (on  hand  and  on  order)  and  opten  customer  order 
status.  The  data  base  i  >uld  be  posted  for  any  changes  that  may  occur  in 
the  cost  of  items,  delivery  lead  times,  source  of  acquisition,  ordering 
restrictions,  etc.  "The  major  systeras-design  problem  is  to  assure  the 
efficiency  and  reliability  of  the  system"  (Brown  [1978,  p.  174 ] ) . 

The  decision  rules  module  is  concerned  with  the  fundamental  components 
of  inventory  planning  and  control  procedures.  The  main  decision  rules  are 
aimed  at  answering  WHEN  and  HOW  MUCH  to  order  of  each  item  in  order  to 
maintain  inventories  at  the  "right"  level.  At  the  same  time,  any  forward- 
looking  system  should  also  include  FORECASTING  capabilities,  and  because 
of  the  unavoidable  forecast  inaccuracies  SAFETY  STOCKS  decision  rules  are 
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needed  in  order  to  guarantee  some  desired  level  of  customer  service. 

The  system  integrative  module  brings  the  decision  rules  together  into 
distinct  inventory  policies.  Various  items,  depending  on  their  characteristics 
as  stock-keeping  units,,  require  specific  degrees  of  management  attention 
and  service  levels  that  can  be  achieved  by  using  some  appropriate  stock 
policy. 

The  8y stem-management  interaction  and  evaluation  module  is  intended  to 
provide  management  with  such  information  as  to  permit  an  evaluation  of  the 
operating  performance,  to  identify  problem  areas,  and  to  allow  for  management 
selection  of  policy  variables  (system  parameters) . 

In  the  sections  that  follow,  we  present  in  some  detail  each  of  the 
modules  with  the  exception  of  the  transactions  and  file  maintenance  module 
whose  development  concerns  almost  exclusively  the  area  of  data  processing. 

2  Economic  Order  Quantity  Decision  Rules 
2.1  Costs  in  an  Inventory  System 

As  stated  in  section  1.3,  the  objective  of  an  inventory  system  is  the 
minimization  of  the  costs  involved  in  the  operations.  Therefore,  at  this 
point  we  find  it  useful  to  briefly  discuss  the  costs  relevant  to  a  pure 
inventory  system. 

Obviously,  the  only  costs  that  should  be  considered  are  the  ones  which 
vary  as  the  stock  policy  is  changed.  We  can  group  these  costs  in  three 
categories: 

-  procurement  costs, 

-  costs  associated  with  the  existence  of  Inventories  (supply  exceeds 
demand) , 

-  costs  associated  with  stockouts  (demand  exceeds  supply). 

Procurement  coste  can  be  seen  as  being  composed  of  two  parts:  the  cost 
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that  has  to  be  paid  by  the  system  to  the  supplier  of  the  ordered  items, 
and  the  cost  incurred  by  the  system  in  the  procurement  process,  also 
called  ordering  cost.  The  ordering  cost  itself  can  have  a  number  of 
components:  administrative  (paper  work  computer  processing,  telephone 
calls,  postage,  etc.),  transportation  of  the  amount  ordered,  handling 
and  inspection  of  the  shipment  when  it  f rrives . 

For  the  purpose  of  future  development,  it  is  important  to  re-group 
the  procurement  costs  into  two  categories:  costs  per  unit  of  item  that 
depend  on  the  amount  ordered,  and  unit  costs  that  do  not  depend  on  the 
order  size.  An  example  of  the  former  category  is  the  case  where  the  cost 
of  ordering  an  amount  Q  is  A  for  any  value  of  Q,  and  therefore  the  unit 
ordering  cost  is  A/Q;  this  is  highly  relevant  because  it  thus  becomes  an 
incentive  for  purchasing  the  item  in  large  batches  with  the  obvious  purpose 
of  lowering  the  per  unit  share  of  the  ordering  cost.  An  instance  of  the 
latter  category  of  costs  is  the  constant  purchasing  unit  price  (i.e. 
no  economies  or  diseconomies  of  scale) .  Since  these  kinds  of  costs  cannot 
influence  the  decision  on  order  size,  they  can  be  dropped  from  consideration 
In  the  analysis. 

It  should  be  mentioned  that  the  assumption  of  a  fixed  ordering  cost, 
regardless  of  the  order  size,  is  common  in  inventory  systems  research  and 
we  also  use  it  throughout  the  paper.  We  should  be  aware,  however,  that 
this  is  an  approximation.  Indeed,  if  we  consider  the  transportation, 
handling,  and  inspection  costs  per  batch,  they  are  invariant  only  within 
a  limited  range  of  lot  sizes.  With  a  radical  change  in  order  size  one 
might  reconsider  the  mode  of  transportation  and  the  handling  and  inspection 
equipment  and  techniques.  On  the  other  hand,  part  of  the  annual  administra¬ 
tive  costs  does  not  vary  if  the  total  number  of  orders  stays  within  certain 
limits.  Beyond  those  limits,  the  number  of  purchasing  agents,  phone  lines. 


the  cost  of  supporting  services,  etc.  changes,  which  leads  to  a  cost  chart 
as  shown  in  Figure  1  (Hadley  and  Whitin  [1963]). 


Figure  1:  Effect  of  number  of  orders  upon  some  administrative  costs 

Costa  associated,  with  the  existence  of  inventories  are  due  to  a  number 
of  causes:  storage  and  handling,  property  taxes,  insurance,  spoilage, 
obsolescence,  pilferage,  rent  if  the  inventory  system  does  not  own  the  storing 
facilities,  capital  costs.  The  capital  cost  represents  either  direct  expendi¬ 
tures  for  funds  (interest)  or  the  rate  of  return  that  could  be  obtained  by 
the  system  by  investing  elsewhere  the  capital  tied  up  in  inventory. 

Of  all  the  above  components  only  those  which  change  as  the  level  of  inven¬ 
tory  changes  should  be  brought  into  the  analysis.  For  instance,  the  amounts 
spent  on  heating,  lighting,  and  security  services  for  the  warehouse  tend  to 
be  invariable  with  the  stock  level  and  if  so  they  should  be  disregarded. 

The  diversity  in  the  inventory  carrying  cost  components  is  undoubtedly 
reflected  in  their  functional  relationships  to  the  inventory  level,  which 


creates  serious  difficulties  in  modelling  these  costs  in  a  satisfactory 
manner.  The  usual  simplifying  assumption  made  in  inventory  theory  is  that 
carrying  costs  are  proportional  to  the  size  of  the  investment  in  inventory. 
Thus,  if  r  is  the  carrying  charge  (or  holding  cost)  expressed  in  dollars 
per  year  per  dollar  of  inventory  investment  (or  percentage  per  year) ,  and 
C  is  the  unit  cost  of  the  item  in  dollars ,  then  the  annual  inventory 
carrying  cost  H  for  that  item,  in  dollars  per  year  per  unit  is: 

H  -  rC 

A  special  class  of  costs  associated  with  the  existence  of  inventories 
are  the  salvage  costs.  Such  costs  occur  when, at  the  end  of  a  limited  sales 
season  or  after  some  operation  is  shut  down,  there  is  inventory  left  over. 
Depending  on  the  action  taken  with  respect  to  the  excess  inventory,  the 
salvage  cost  can  be  either  the  carrying  cost  until  the  next  season,  or  the 
difference  between  the  cost  of  the  item  to  the  inventory  system  and  the 
price  at  which  it  can  be  disposed  (this  price  may  be  negative  if  there  is 
a  cost  to  disposal  of  the  surplus) . 

Coeta  associated  with  stockouts.  A  stockout  situation  arises  whenever 
demand  occurs  and  the  system  is  out  of  stock.  Depending  on  the  circumstances, 
a  stockout  may  result  in  one  of  the  following  conditions: 

-  To  meet  demand  a  priority  special  order  is  released;  the  stockout  cost 
is  represented  in  this  case  by  the  additional  cost  of  the  special  order 
as  compared  to  normal  operation. 

-  Demand  is  backordered  and  filled  when  stock  becomes  available  by 
routine  replenishment.  Stockout  costs  of  a  less  tangible  nature 
occur  in  this  situation  such  as  loss  of  customer's  goodwill,  or 
the  lowering  of  the  degree  of  military  readiness  if  a  military 
supply  system  is  involved,  etc. 
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"  Demand  which  cannot  be  met  Is  lost  (the  lost  sales  case).  The  stock¬ 
out  costs  would  have  to  account,  besides  the  loss  of  customer's 
goodwill,  for  lost  profit  on  the  units  which  were  requested  but  were 
unavailable. 

Other  costs  may  apply  to  either  of  the  stockout  situations  described 
above  such  as  penalties  stemming  from  failure  to  meet  legal  contractual 
obligations,  the  cost  of  getting  information  on  the  customer's  belated 
order,  contacting  him  and  relaying  the  information  to  him,  etc. 

The  problem  of  quantifying  the  stockout  costs  has  long  been  a  difficult 
and  unsatisfactorily  resolved  question  in  inventory  theory,  especially 
because  of  the  intangible  components.  There  are  two  aspects  that  require 
consideration:  the  functional  form  of  the  mathematical  expression  describing 
the  stocxout  costs,  and  the  estimation  of  the  parameters  once  the  functional 
form  is  established.  The  most  largely  used  simplifying  assumption  is  that 
the  stockout  cost  is  proportional  either  to  the  number  of  units  out  of  stock, 
or  to  the  maximum  duration  of  the  shortage,  or  to  the  product  of  the  number 
of  units  times  the  duration  of  the  stockout  (Holt,  et  al.  [1960,  ch.  12-2]). 
The  simplest  but  not  necessarily  a  good  way  to  assess  the  unit  stockout  cost 
is  to  consider  it  equal  to  the  lost  profit,  or  to  the  cost  of  expenditure 
a  rush  order.  If,  however,  a  stockout  influences  customers  to  transfer 
some  of  their  ensuing  business  to  competitors,  the  lost  profit  on  the 
later  business  should  also  be  captured.  Along  this  line  and  by  considering 
a  decision  tree  model  in  which  all  possible  outcomes  of  a  stockout  situation 
are  Included,  Oral,  et  al.  [1972]  have  conducted  a  statistical  study  for  a 
company  with  the  objective  of  determining  expected  unit  shortage  costs. 

Their  results  show  that,  for  the  company  under  study,  the  unit  shortage 
cost  bears  an  exponential  functional  relationship  to  the  gross  profit  for 
the  item.  Schwartz  [1966,1970]  approaches  the  loss  of  customer's  goodwill 
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by  modelling  its  effect  upon  the  future  demand  pattern. 


For  the  purpose  of  this  paper  costs  are  considered  time  invariant. 

Also,  given  that  the  planning  horizon  relevant  to  inventory  problems  is 
sufficiently  short,  discounting  of  costs  to  account  for  the  time  value  of 
money  is  unimportant,  and  hence  not  used.  The  reader  interested  in  more 
extensive  discussions  on  costs  can  consult  such  references  as:  McGarrah 
[1963,  ch,  1.4,  5.4],  Hadley  and  Whitin  [1963,  ch.  1],  Arrow,  et  al.  [1958, 
ch.  2]. 

2.2  Single  Item  Economic  Order  Quantity  Decision  Rules 
2.2.1  Economic  Order  Quantity  for  Fast  Moving  Items 

When  dealing  with  stocked  items  the  question  regarding  how  murh  to 
order  is  answered  by  the  economic  order  quantity  (EOQ).  The  EOQ  provides 
the  proper  lot  size  for  purchasing  by  minimizing  the  cost  components  involved, 
i.e.  the  ordering  cost,  the  inventory  carrying  cost,  and  the  stockout  cost 
(if  shortages  are  permitted) . 

The  Simple  Classical  Economic  Lot  Size  Model 

If  the  following  assumptions  apply,  then  what  has  come  to  be  known 
as  the  standard  Wilson  lot  size  formula  provides  the  economic  order  quantity: 

a)  Demand  is  continuous  at  a  constant  rate. 

b)  The  process  continues  infinitely. 

c)  No  constraints  are  imposed  (on  quantities  ordered,  storage  capacity, 
available  capital,  etc.). 

d)  Replenishment  is  instantaneous  (the  entire  order  quantity  is 
received  all  at  one  time  as  soon  as  the  order  is  released) . 

e)  All  costs  are  time  invariant. 

f)  No  shortages  are  allowed. 

g)  Quantity  discounts  are  not  available. 


.v 'JSL&.  jL'. M-d-jjii  ti 
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The  following  notations  are  used: 
D  "  demarid  rate,  units  per  year 


A  m  ordering  cost,  dollars  per  order 

C  ■  unit  cost,  dollars  per  unit  of  item  (the  value  of  the  item  imme¬ 
diately  after  it  is  delivered  to  stock) 
r  “  inventory  carrying  charge,  dollars  per  dollar  of  inventory  per  year 
H  “  annual  inventory  holding  cost,  dollars  per  unit  of  item  per 
year;  H  -  rC 

TC  ■  total  annual  cost  of  operating  the  system,  dollars  per  year 
Q  *  order  quantity,  units  per  lot. 

Figure  2  shows  the  behavior  of  an  inventory  system  which  operates 
by  the  assumptions  listed  above. 


Figure  2:  Simple  classical  inventory  model 

There  are  D/Q  orders  placed  during  one  year,  and  the  average  inventory 
is  Q/2;  hence,  the  total  annual  cost  of  ordering  and  carrying  inventory  is: 


mm 


15 


TC 


+  rC 


a 

2 


The  optimum  Q 


is  obtained  by  setting 


d(TC) 

dQ 


0;  the  solution  is 


(1) 


*  d2  rc) 

It  is  easy  to  check  that  Q  is  the  global  minimum.  Indeed,  — £  £  >  0 

for  any  finite  Q  >  0. 

Formula  1  was  first  derived  in  1915  by  F.  W.  Harris  of  the  Westinghouse 
Corporation.  However,  the  expression  is  widely  known  as  the  Wilson  lot 
size  formula  since  R.  H.  Wilson,  a  consultant,  has  used  such  a  formula  in 
his  work  on  inventory  management  in  many  companies. 

The  annual  demand  D  is  obtained  by  forecasting  based  upon  the  demand 
history  for  the  item  under  consideration.  Parameters  A  and  H  are  either 
derived  by  some  statistical  estimation  technique  or  are  inferred  by 
management  from  past  experience.  It  is  shown  by  Solomon  [1959]  that  the 
total  inventory  cost  in  the  neighborhood  of  the  optimum  lot  size  is 
relatively  insensitive  to  moderately  small  variations  in  the  amount  ordered. 
Brown  [1977,  p.  212]  recommends  as  practical  to  round  off  lot  sizes  to 
reasonable  values;  his  argument  is  that  if  the  lot  is  within  the  range  70 
to  140%  of  the  true  optimum,  the  total  annual  costs  rise  less  than  6%  above 
the  true  minimum.  Also,  by  a  sensitivity  test  Zimmermann  and  Sovereign 
[1974,  p.  360]  conclude  that  the  sensitivity  of  total  cost  with  respect  to 
errors  in  ordering  and  inventory  holding  costs  is  very  small  if  the  errors 
are  in  the  same  direction.  This  makes  unnecessary  a  great  deal  of  accuracy 
in  estimating  the  parameters  involved  in  the  calculations  (i.e.  D,  A,  r, 
and  C) . 

The  ordering  cost  A  used  in  the  EOQ  calculations  should  be  the  marginal 
ordering  cost.  However,  inventory  carrying  costs  should  be  based  on  the 
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total  purchasing  cost  of  the  item,  since  it  is  this  total  cost  that 
determines  the  capital  invested  in  inventory.  In  the  American  economy 
a  typical  value  of  r  used  in  practice  ranges  from  0.20  to  0.25. 

The  Classical  Economic  Lot  Size  Model  with  Finite  Supply  Rate 
This  instance  represents  a  relaxation  of  assumption  (d)  mentioned 
earlier,  all  others  being  kept.  Thus,  for  instance,  the  item  might  be 
supplied  by  a  packaging  machine  that  operates  at  a  finite  production  rate. 
The  supplying  process  is  continuous  and  takes  place  at  a  constant  rate 
until  Q  units  are  delivered  to  stock,  then  it  stops. 

Let  s 

P  *■  production  (supply)  rate,  units  per  year. 

In  this  case  the  time  behavior  of  the  inventory  level  is  depicted  in 
Figure  3.  In  this  picture  T  represents  the  cycle  time;  tg  is  the  period 
of  time  over  which  a  batch  of  size  Q  is  supplied  to  inventory.  During  tg 
stock  is  input  to  inventory  at  a  rate  P  and  simultaneously  removed  from 
inventory  at  a  rate  D;  thus  stock  accumulates  at  a  rate  of  (P-D)  units 
per  year.  The  highest  inventory  position  is  1  =  tg(P-D),  where  t  is  the 


time  necessary  to  process  the  Q  units  at  a  rate  of  P,  i.e.  tg  «  Q/P.  As  the 
average  inventory  is  1/2  it  is  a  simple  matter  to  express  the  total  annual 
cost: 

(2)  XC  -  A  ^  +  H  |  (1-  £) 

The  global  minimum  of  TC  is  Q  : 


Notice  that  by  making  P  -  00  (instantaneous  replenishment  formula  (1) 
of  the  simple  classical  case  is  immediately  recovered.  On  the  other 
hand,  if  D  =  P  (demand  and  supply  rates  are  equal)  Q  -*■  °°.  The  interpretation 
is  that  in  this  case  the  supplying  source  has  to  be  fully  devoted  to  the 
item  under  consideration.  No  inventory  builds  up,  and  there  is  just  one 
Initial  setup  or  ordering;  consequently,  the  cost  minimization  requires 
the  lot  size  to  be  extremely  large. 

The  Classical  Economic  Lot  Size  Model  with  Backlogging  Allowed 

For  this  case  we  relax  assumption  (f)  and  keep  the  other  ones  unchanged. 
Figure  4  describes  the  inventory  level  variation  in  time.  The  stock 
positions  range  from  a  low  of  -B  (amount  of  demand  deliberately  unsatisfied 
and  put  on  the  backorder  list)  to  a  high  of  Q-B  which  represents  the  amount 
on  hand  immediately  after  a  lot  of  size  Q  is  delivered.  Notice  that  B  units 
out  of  Q  are  never  carried  in  stock;  as  soon  as  delivery  takes  place  the 
backlog  of  orders  is  filled.  Clearly,  a  low  stockout  cost  is  an  incentive 
for  backordering  demand,  since  this  yields  savings  on  the  inventory  holding 
cost. 

Assume  the  backordering  cost  incurred  by  the  inventory  system  is 
proportional  both  to  the  number  B  of  units  short  and  the  duration  t.  of  the 

D 


Figure  4: 


The  backordering  case 


shortage. 

Let: 


b  »  the  cost  to  have  one  unit  backordered  for  one  year,  dollars 
per  unit  year  year. 

The  average  inventory  on  hand  can  be  computed  by  dividing  the  area 
under  the  inventory  triangle  mnp  by  the  duration  T  of  the  cycle.  Time 
of  inventory  availability  is  given  by  (Q-B)/D,  and  the  cycle  time  T  =  Q/D 
Therefore: 


Average  inventory 


i 

T  2 


(Q-B) 2 
2Q 


The  average  backorder  level  is  obtained  similarly  by  dividing  the 
area  of  the  backorder  triangle  pqs  to  T;  note  that  t^  •  B/D: 


Average  backorder  level 


Bt. 


li 

2Q 
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The  total  annual  cost  is 


TC 


(Q-B) 

2Q 


+ 


There  are  two  policy  parameters:  Q  and  B.  The  first  orde*-  (necessary) 

•k  k 

conditions  for  the  optimality  of  Q  ,  T  are  given  below  (for  second-order 
sufficient  conditions  see  Luenberger  [3^73,  p.  114]): 


3  (TC) 

3Q 

3  (TC) 
3B 


0 

0 


The  optimum  solution  is: 


Expressions  (3)  and  (4)  are  defined  only  for  b  >  0.  Of  course, 

b  *  0  does  not  make  sense  if  stockouts  are  permitted.  Indeed,  in  such  a 

*  * 

case  B  =  Q  -*■<*>.  This  means  that,  with  no  charge  for  backorders,  one 
would  keep  piling  up  unfilled  demand  until  the  backlog  gets  infinitely  large, 
Then,  one  single  order  would  be  released  to  satisfy  all  accumulated  demand, 
thus  driving  the  per  unit  share  of  the  ordering  cost  to  zero.  Notice 
that  if  b  +  00  no  backorders  may  be  carried  in  the  optimum  solution,  and 
(3)  becomes  the  Wilson  lot  size  formula. 

The  Classical  Economic  Lot  Size  Model  with  Lost  Sales 
As  different  from  the  previous  case,  we  consider  here  that  if  demand 
occurs  when  the  system  is  out  of  stock  the  potential  sales  are  lost.  This 
situation  is  illustrated  in  Figure  5.  by  t^  we  have  denoted  the  duration 
of  the  out  of  stock  situation.  The  in-stock  time  is  t^  =  Q/D.  The  total 
sales  per  cycle  are  L  units,  and  the  cycle  time  is  T  *  There  are 


There  are 


Figure  5:  The  lost  sales  case 


rvr-  cycles  per  year. 

kJrL 


To  calculate  the  average  inventory  we  use  the  inventory  triangle  pqs 


Average  inventory 


1  ^i 


2 (Q+L) 


Assume  that  for  each  unit  of  demand  which  occurs  during  the  stockout 


situation  a  cost  c^  is  incurred  by  the  system.  Then: 


Annual  shortage  cost 


C«,L  ’  T 


ID 


•*,  Q+L 


The  total  annual  cost  is: 


D  ..  Q2  LD 

TC  “  A  Q+L  ^  H  2  (Q+L)  +  CJl  Q+L 


*  * 

The  necessary  conditions  for  Q  ,  L 
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/iiiei  =  0 
(  3Q 

(i sm  «  o 

3Q 

or: 

(5)  /  j  BQ2  +  HQL  -  c£Df.  -  AD  »  0 

(6)  (i  HQ2  -  CjDQ  +  AD  =  0 

Equation  (6)  yields: 

*  c„D  ±  /(cpD)2-2HAD 

(7)  ,*  .  -5 - J - 

* 

For  Q  to  take  on  real  values  the  expression  under  the  square  root 
has  to  be  nonnegative: 


(8) 

>  2  HAD 

(9) 

C*D  > 

/(c£D)2  -  2 HAD 

It  appears  that  when  (8)  Is  satisfied  Q  is  always  positive. 

*  . 

Q  takes  on  one  positive  value  when  (8)  holds  at  equality,  or  two  distinct 

positive  values  when  {8)  is  an  inequality. 

To  calculate  the  optimum  L  consider  first  the  case  where  (8)  holds 

as  strict  inequality:  (c^D)2  >  2HAD.  Then,  by  substituting  (7)  into 

(5),  the  optimum  lost  sales  position  is: 

*  CD  ±  Ac.  D)2  -  2  HAD 

(10)  L  -  -  -2 - jj - 

From  (7)  and  (10)  it  follows  that  L  =-Q  <  0,  i.e.  L  is  not 

contained  in  the  interval  0  <  L*  <  °°.  Therefore,  the  optimal  operating  value 
is  L  “0  since  nothing  can  be  gained  from  running  the  system  with  any 
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positive  amount  of  lost  sales,  and  the  optimal  lot  size  Is  given  by  the 
Wilson's  formula  (1). 

Consider  now  the  case  when  (8)  Is  an  equality: 


Given  (11),  (12)  Is  an  identity,  hence  any  value  of  L  is  optimal. 

It  is  also  a  simple  matter  to  check  that,  when  (11)  holds,  the  total  cost 
TC  is  independent  of  L,  i.e.,  TC  *  c^D.  Hadley  and  Whitin  [1963,  p.  50] 
give  the  following  intuitive  interpretation  to  this  last  result:  the  time 
sequence  of  events  in  Figure  5  can  be  rearranged  by  consolidating  an 
arbitrary  number  of  lost  sales  periods.  Thus,  the  new  graph  would  present 
a  region  similar  tc  Figure  2  where  there  are  no  lost  sales  for  a  long  time, 
and  then  another  region  where  for  a  long  time  there  is  nothing  but  lost 
sales.  This  does  not  change  the  average  cost  per  year. 

The  conclusion  is  that,  for  the  given  stockout  cost  structure  and 
because  constraint  (8)  has  to  be  observed,  nothing  can  be  gained  by 
allowing  shortages  to  develop,  and  therefore  it  is  at  least  as  economical 
to  run  the  system  without  any  stockouts. 

The  Lot  Size  Model  with  Quantity  Discounts 

Frequently  when  deciding  upon  a  purchasing  quantity  vendor's  discount 
schedules  are  available  and  have  to  be  considered.  Quantity  discounts  are 
usually  offered  in  one  of  the  following  two  forms  (Hadley  and  Whitin  [1963, 
ch.  2]): 


1)  all  units  discounts, 

2)  incremental  quantity  discounts. 
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Consider  that  all  assumptions  made  at  the  beginning  of  section  2.2.1, 
except  g) ,  are  in  effect. 

1)  The  Lot  Size  Model  with  All  Units  Quantity  Discounts 
In  this  form  the  discount  price  applies  to  all  units  purchased  (see 
Figure  6>  There  are  a  number  of  price  breaks  b^  =  0,  *  *  * ’^1* *  *  * 

given  such  that  if  the  ordered  amount  Q  is  within  discount  interval  i. 


b^  ^  £  Q  <  b^,  then  the  unit  price  for  each  of  the  Q  units  is  c^  where 


Figure  6:  All  units  quantity  discounts 


For  discount  level  i  the  total  annual  cost  function  is: 

(13)  TC1  -  c^  +  Aj+r  cj 

defined  for  b^  ^  £  Q  <  b^.  In  Figure  7  a  case  with  four  discount  levels 

is  illustrated  (b^  =  °°) .  It  is  easy  to  show  that  these  cost  curves  do  not 
Intersect  and  that  TC^  <  TCj_^  for  aH  Q- 
Let  us  define  TC(Q)  as  follows: 
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Figure  7: 


Four  discount  levels 


(14)  TC(Q)  =  TCi  if  b±_1  <  Q  <  b.,  i-1,2,... 

The  solid  lines  in  Figure  7  represent  the  total  annual  cost  function 
TC(Q)  for  0  <_  Q  <  The  broken  line  segments  depict  functions  TC^  out¬ 
side  their  corresponding-  discount  intervals. 

The  problem  is  then  to  find  the  order  quantity  Q*  that  leads  to  the 

global  optimum  of  TC(Q).  From  inspecting  Figure  7  it  is  apparent  that 

* 

Q  can  take  on  one  of  the  following  values: 

-  the  EOQ  which  minimizes  the  annual  cost  for  some  discount  level; 

-  one  of  the  two  extreme  points  of  some  discount  interval. 

In  the  case  shown  in  Figure  7  the  optimum  order  quantity  is  Q  =  b^. 
The  optimum  purchase  quantity  can  be  determined  by  the  procedure 
given  below: 


I  -  Determine  the  minimum  point  of  the  mathematical  function  TC^  for 
0  £  Q  <  »;  denote  it  Q  : 


II  -  Determine  for  each  discount  interval  i,  >  the  value 

of  Q  which  minimizes  the  total  annual  cost  function  TC(Q)  in  that  interval: 


/bi-l 


lf  Qi  <  bi-l 


if  —  Qt  —  bj 


if  bl  <  Q, 


Thus,  for  the  case  of  Figure  7  we  have: 


Q1  “  bl’  Q2  =  b2’  Q3  =  Q3:  QA  =  b3‘ 

*  * 

III  -  Out  of  the  set  of  all  (there  is  at  least  one  such  Q^) 

4c 

choose  the  one  with  the  largest  subscript  i;  call  it  Q^.  The  global 

* 

optimum  order  quantity  Q  cannot  lie  in  a  discount  interval  i  <  K;  this 
follows  from  the  property  that  for  i  <  K,  TC^  >  TC^  for  all  Q. 

Compute  the  total  cost  function  at  Q  : 

TC(QK)  -  V>tAjjUtCKT 

IV  -  Test  all  other  discount  levels  j  >  K.  Compute  the  total  cost 

4c 

function  at  the  corresponding  : 


TC(Q*) 


C  D  +  A  — +  r  C 
3  Qj  J 


The  optimum  discount  level  is  given  by  that  value  of  j  for  which 

*  it 

TC(QV)-TC(Q  )  is  positive  and  a  maximum.  The  optimal  overall  Q  is  then 
K  j 

4r 

set  equal  to  the  corresponding  Qj . 

* 

If  all  TC(Qj)  are  larger  than  TC(QR),  then  Q  «  QR. 

Brown  [1978,  p.  184)  advances  a  rule  of  thumb  for  making  decisions 
under  quantity  discounts:  it  is  economical  to  order  M  months  of  supply 
over  the  usual  economic  order  quantity  only  if  the  percentage  reduction  in 


unit  cost  that  can  be  obtained  Is  at  least  2M2  (based  on  the  typical 
case  where  management's  carrying  charge  Is  20-242  per  year). 

2)  The  Lot  Size  Model  with  Incremental  Quantity  Discounts 
This  form  of  discount  offers  a  lower  price  only  for  the  number  of 
units  In  the  particular  discount  interval;  for  units  in  other  intervals, 
although  belonging  to  the  same  order,  other  prices  apply  (see  Figure  8): 


Figure  8:  Incremental  quantity  discounts 


Thus,  the  first  b^  units  cost  each,  the  next  (b^-b^)  units  cost 
Cj  each;  the  units  in  the  [b^_^ .b^ ]  interval  cost  each,  with 
Consider  assumptions  (a)  through  (f)  are  holding. 

To  derive  the  total  annual  cost  TC(Q)  of  operating  the  system  assume 


<  Q  <  b^.  The  yearly  ordering  cost  amounts  to  A  Let  be  the 
purchase  price  (cost)  of  a  lot  of  size  Q  in  the  i-th  discount  interval: 


r 


The  annual  Inventory  holding  cost  is  given  by  r  y  . 

Then,  the  annual  cost  corresponding  to  the  i-th  discount  interval  is: 


A  ^  +  ^  Z  Ck(bk  "  bk“l)  +  t  Ci(Q  _  bi-i>  + 


+  y  Ck(bk  -  bk_1)  +  y  Ci(Q  -  b^) 


The  annual  cost  function  TC(Q)  is  defined  as: 


TC(Q)  =  TC. 


lf  bi-l  -  Q  <  bi’ 


By  grouping  terms  in  (15)  one  obtains: 


(17)  TC 


1  '  [*  +  k-i  Ck“>k  "  Vl>  '  Clb‘-]  5  +  r  c‘  ?  + 
*[c‘**f2 


Functional  form  (17)  immediately  suggests  a  curve  of  the  same  shape 
as  in  the  classical  economic  lot  size  model,  with  a  unique  global 
minimum.  Figure  9  illustrates  the  fact;  cost  function  TC(Q)  is 
represented  by  the  solid. 

As  opposed  to  the  all  units  discount  case,  the  TC(Q)  curve  is  continuous 
[it  can  be  shown  that  TC^Q-b^)  ■=  TCi+^(Q“bi)  1  • 

An  aspect  we  are  interested  in  is  the  nature  of  the  price  break 
points  b^,  i-1,2,...  As  Hadley  and  Whitin  [1963,  p.  67]  mention,  the 
slope  of  TC^  at  Q  »  b^  is  larger  than  the  slope  of  TC^+^  at  Q  *  b^.  Indeed: 


dOTC^ 

dQ 


d(TCi+1) 


i^  T  "Id  i 

i>  r  1  1  d  i 

-  -  -  r  a  Vb* ' b-'  ■  H  r  * 1  c* 


»  •  ‘ 

.  j}  ^  J  i  sc**  I  ■*.  1 1 
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(17) 


d(TC.)  d(TC.,.) 

-#r  <Q‘bi)  ”  — 5g—  «-V 


By  (17)  the  global  minimum  of  TC(Q)  cannot  occur  at  a  price  break 
point  b^. 

The  optimum  of  TC(Q)  can  be  determined  as  follows: 

I  -  Compute  the  optimal  lot  size  for  every  discount  level: 


(IS) 


f  2D  j 

i-1 

A  +  Z  Ck(bk  -  b  )  -  Cibi_1 

k=l 

J 

II  -  If  <  b.^  compute  TC^Q^). 

* 

III  -  The  overall  optimum  Q  equals  the  corresponding  to  the  smallest 
TCi(Qi>* 

2.2.2  Economic  Order  Quantity  for  Slow  Moving  Items 

With  slow  moving  items,  demand  can  no  longer  be  assumed  continuous  at 
a  constant  rate,  and  consequently  the  classical  EOQ  formula  fails. 

In  order  to  study  this  case,  assume  that  one  unit  of  demand  occurs  at 
constant  time  intervals  known  with  certainty.  All  other  assumptions  may 
be  maintained  as  previously. 

Cost  minimization  obviously  requires  the  order  quantity  Q  to  be  a 
positive  integer  and  to  arrive  exactly  at  the  moment  when  demand  for  one 
unit  of  item  occurs.  Therefore,  the  inventory  level  varies  between  zero 
and  Q-l. 

As  the  annual  requirement  is  D  units/year  the  interval  between  two 
consecutive  demands  is  t  =  1/S.  Then,  during  time  interval  [0,t]  there 
are  Q-l  units  in  stock,  in  time  interval  { t , 2 1 ]  there  are  Q-2  units  in 
stock,  etc.  The  inventory  holding  cost  for  one  cycle  is: 

Ht[(Q-l)+(Q-2)+...+l+0]  -  {*  • 


I 

'  V  nil/ 1 A 


jL  ■  .-jl-ij  wu,.W)-n;.  Util,.- s  . 


The  total  annual  cost  can  be  expressed  as: 


(19)  TC(Q)  -  A  £  +  =  A  |  +  |  (Q-l) 


For  Q  to  be  the  optimum  lot  size  it  is  necessary  that: 


TC(Q*)  <  TC(Q*-1) 


TC(Q*)  <  TC(Q*+1) 


By  substituting  (19)  into  (20)  one  gets 


H  AD 

2  Q*(Q*-1) 


Similarly,  (21)  yields 


H  AD 

2  *  * 

Q  (Q  +D 


Inequalities  (22)  and  (23)  can  be  combined  into: 


2  A  b 


0  +D  H 

2  A 


Hans smarm  [1962,  p.  21]  suggests  that  Q  is  one  of  the  two  integers 
bracketing  the  real  number 


2.2.3  Economic  Order  Quantity  for  Items  with  a  Limited  Sales  Period 

A  basic  difference  between  this  case  and  the  models  presented  previously 
is  that  demand  is  stochastic,  with  some  known  probability  distribution. 

The  statement  of  the  problem  is  then:  the  item  whose  inventory 

is  to  be  controlled  presents  a  demand  pattern  with  a  limited  sales  period. 

The  item  can  be  procured  only  once  at  the  beginning  of  the  period.  After 
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the  sales  period  is  over  there  is  a  cost  associated  with  being  left  with 
the  item  in  stock:  it  either  has  to  be  discarded  because  of  spoilage  or 
obsolescence  (e.g.  newspapers),  or  has  to  be  sold  at  a  reduced  price  (e.g. 
fashions),  or  has  to  be  stored  until  the  next  season  (e.g.  Christmas  decora 
tions,  snow  tires,  etc.).  At  the  same  time  there  is  a  cost  for  running 
out  of  stock  while  the  sales  season  is  still  on.  The  problem  is  known 
in  the  operations  research  literature  as  the  "newsboy  problem"  or  as  the 
"single-period  Inventory  model  with  stochastic  demand". 

The  following  notations  are  used: 

D  “  demand  during  the  sales  period;  it  is  a  continuous  random 
variable 

f (d)  -  probability  density  function  of  D,  assumed  known 

c  “  cost  associated  with  having  one  unit  of  item  in  stock  at  the 
o 

end  of  the  sales  period,  dollars  per  unit 

c^  ”  cost  incurred  by  the  system  for  each  unit  of  demand  which 

occurs  when  the  system  is  out  of  stock,  dollars  per  unit. 

* 

To  derive  the  decision  rules  we  seek  the  amount  Q  that  has  to  be 
purchased  at  the  beginning  of  the  season  (assume  no  initial  inventories) 
such  as  to  minimize  the  expected  cost  incurred  by  the  system  at  the  end 
of  the  sales  period. 

There  are  two  kinds  of  costs: 


Cost  of 

excess  inventory 


jco(Q-D),  if  D  <  Q 
(0,  if  D  >  Q 


Cost  of 
stockout 


,0,  if  D  <  Q 

lcu(D-Q),  if  D  >  Q 


The  total  expected  cost  TC(Q)  is: 


TC(Q)  =  r  c  (Q-D) f (D)dD  +  J  c  (D-Q)f(D)dD 
O  o  q  u 

*  * 

The  necessary  condition  for  Q  to  be  optimal  is: 


*  '0  0/Q  f(D)dD  '  cu  Q*/0°  f(D)dD  =  ° 

As  q/  f(D)dD  =  1  -  q/  f(D)dD,  it  follows  that: 


tT  f(D)dD  =  TTT 

u  o 


If  we  let  F(D)  be  the  cumulative  probability  distribution  of  D,  then 
(25)  yields: 


c  +  c 
u  o 


If  we  check  the  second  derivative  it  shows  that  A  is  a  global  minimum: 


“  =  c  f (Q)  +  c  f (Q)  >  0 

dQ2  °  u 

The  problem  can  have  alternative  formulations  by  including  revenues 
from  sales  (Hadley  and  Whitin  [1963,  ch.  6-2])  or  by  using  discrete 
probability  distributions  (f  applicable).  In  the  latter  case,  a  formula 
similar  to  (26)  can  be  derived  or  payoff  (or  loss)  tables  can  be  used 
for  solution  (Schl^ifer  [1959,  ch.  4.1,  7.2]). 

2. 3  Multiple  Items  Economic  Order  Quantity  Decision  Rules 

2-3.1  Economic  Order  Quantity  for  Multiple  Items  Sharing  the  Same  Equipment 
This  problem  is  also  known  as  the  "multi-product  cycling  problem"  or 
"the  economic  lot  scheduling  problem",  and  is  already  bordering  the  production- 
inventory  systems.  However,  since  we  admitted  that  minor  production  operations 
can  be  performed  in  pure  inventory  systems,  the  cycling  problem  can  become 

See  Sokolnikoff  and  Redheffer  [1958,  pp .  261-262]  for  the  derivative  of 

a  definite  integral. 


\sLkj  1- JSi  ' 


relevant  to  situations  facing  such  systems.  Thus,  one  piece  of  equipment 

is  used  to  process  m  items  on  a  cyclical  basis.  Unless  there  is  plenty  of 
idle  time,  the  independent  lot  sizing  and  scheduling  of  items  for  runs  on 

the  equipment  is  likely  to  lead  to  interference  between  different  products. 
Therefore  some  cycling  policy  is  necessary  in  order  to  avoid  the  risk  of 
an  infeasible  schedule. 

The  simplest  way  to  solve  the  problem  is  to  impose  the  rule  by 
which  every  item  is  produced  once  in  each  cycle  (Hanssmann  [1962]),  which 
is  tantamount  to  requiring  that  the  number  of  runs  per  year  be  the  same 
for  all  items,  say,  N.  Given  the  nature  of  the  problem,  a  finite  production 
rate  of  units/year  has  to  be  assumed  for  each  item  i. 

The  total  annual  cost  under  this  policy  is: 


where  D,  is  the  annual  demand  for  the  i-th  item;  the  other  notations  are  used 
as  before. 

In  (27)  subscript  i  denotes  each  of  the  m  items.  The  derivation 
of  (27)  is  similar  to  that  of  (2)  except  that  the  lot  size  is  expressed 
as  Q  *  D/N. 

The  optimum  number  of  annual  production  cycles  N  has  to  satisfy  the 
first  order  condition: 


and,  of  course,  the  optimum  lot  size  for  the  i-th  item  is: 
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*  i 

(29)  Qj.  »  — 

N 

•k 

It  is  reasonable  to  require  N  to  be  an  integer;  therefore,  if  it  is 
not,  we  check  the  two  bracketing  integers  and  choose  the  one  yielding 
the  lowest  totai  cost,  it  is  important  to  make  sure  that  the  cycle  time 
T  “  •“  is  feasible  in  the  sense  that  it  is  long  enough  to  allow  for  setting 
up  and  producing  one  lot  of  each  item. 

Clearly,  of  (29)  is  in  general  different  from  the  lot  size 
determined  independently  by  (2)  .  If  is  much  smaller  than  the  indepen¬ 
dently  determines  EOQ,  then  it  might  be  economical  not  to  run  item  i  every 
cycle.  A  rule  of  thumb  is  proposed  by  Magee  and  Boodman  [1967,  p.  70]:  if 
"the  minimum-cost  number  of  runs  for  the  product  alone,  for  any  one  or  more 
products  is  less  than  half  the  value  for  all  products,  the  product  is  a 
possible  candidate  for  only  occasional  runs".  Such  a  case  may  arise,  for 
instance,  when  the  item  exhibits  a  low  sales  rate  and  high  setup  costs. 
Then,  by  the  rule  of  thumb  mentioned  above,  the  item  would  be  made  only 
occasionally,  such  as  on  every  second  or  third  cycle. 

A  related  problem  is  the  treatment  of  a  family  of  m  items.  Consider 
that  in  order  to  run  any  one  item  of  the  family  (or  all  of  them)  a  major 
setup  cost  A  (or,  if  items  are  purchased,  a  major  ordering  cost)  has  to 
be  incurred.  Within  the  family,  however,  only  a  minor  cost  a^  is  involved 
in  changing  over  from  some  item  to  item  i.  Because  of  the  significant 
setup  for  the  family,  it  is  reasonable  to  coordinate  the  individual 
lot  sizes  so  that  when  one  item  runs  out  of  stock,  all  other  items  in  the 
family  or  most  of  them  also  run  out  of  stock;  then,  the  large  setup  cost  A 
would  be  justified. 

If  T  years  is  the  family  cycle,  by  the  above  argument  the  cycle 
for  the  i-th  item  should  be  an  integral  multiple  of  T: 


.  .  W..  i.i.. 


.  ‘  -  -  ■aikiX’i  ...... 


.  -tii 


(30) 
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k^T , 


k^  >  0  and  integer 


The  total  annual  cost  is  (there  are  1/T  family  cycles  per  year) : 

.  m  D  m  Q 

(31)  TC  *  ±A+  Z  a  ~  +  Z  H. 

T  i-1  1  Qi  i=l  1  2 

^i  1  1 

By  (30)  the  number  of  item  i  cycles  per  year  is  —  =  —  =  r-=,-  . 

4i  i  i1 

also  follows  that  =  D^k^T.  After  substituting  in  (31): 


It 


(32) 


TC 


1  /  “  ai\  T  m 

5  (A  +  £  S)  +  I  Ji 


J  /»rp\ 

The  necessary  optimality  condition  for  T  =  — ^ — 


=  0, 


follows  that: 


(33) 


m  a . 

2  (A+  Z  r-i) 
i=l  i 


Z  kHD. 
i=l  ^  1  1 


from  which  it 


Brown  [1967,  p.  48]  offers  a  heuristic  iterative  procedure  to  search 

•k 

for  the  optimum  values  of  k^  and  T  . 

Certainly,  the  above  discussion  suggests  the  fact  that  different 
cycles  for  different  items  can  also  be  used  in  the  first  problem  presented 
in  this  where  the  m  items  were  not  members  of  a  family.  Bomberger 
[1966]  has  approached  this  case  by  requiring  that  each  individual  cycle  T^ 
be  an  integer  multiple,  k^,  of  some  fundamental  cycle  T,  and  that  the  sum 
of  the  times  required  to  set  up  and  produce  a  lot  of  each  item  be  less 
than  the  fundamental  cycle.  Dynamic  programming  is  used  to  find  the 
multiples . 

Other  approaches  have  also  been  proposed  in  the  literature  (see,  for 
instance,  Goyal  [1974],  Silver  [1975]),  and  the  interested  reader  is  referred 
to  Elmaghraby's  [1978]  review  of  the  economic  lot  scheduling  problem  for  a 


start 
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The  work  illustrated  above  has  consistently  assumed  deterministic 
demand;  the  difficulty  encountered  in  the  optimization  process  relates  to 
the  combinatorial  nature  of  the  search  for  optimal  cycle  multiples. 
Consideration  of  stochastic  demand  is  bound  to  render  the  problem  even  more 
difficult.  The  literature  is  sparse  with  respect  to  this  issue  (Goval 
[1973],  Graves  [1977]).  Brown  [1971,  p  206]  takes  a  pragmatic  view 
of  the  problem;  his  rule  calls  for  the  production  of  one  item  until  some 
maximum  inventory  is  reached,  after  which  the  facility  is  switched  over 
to  another  item  even  if  it  has  not  yet  run  short. 

2.3.2  Economic  Order  Quantity  for  Multiple  Items  Under  Aggregate 
Constraints 

Unconstrained  optimization  of  economic  order  quantities  is  often 
an  unrealistic  assumption  because  of  such  reasons  as  limited  storage 
space  availability,  or  a  fixed  budget  for  inventory  investment,  etc. 

Aggregate  constraints  also  arise  in  hierarchical  production  planning  systems, 
where  the  determination  of  individual  production  runs  has  to  observe  inven¬ 
tory  target  levels  set  by  the  aggregate  plan;  this  issue,  however,  has  been 
discussed  in  Hax  and  Meal  [1975]  and  Bitran  and  Hax  [1977]. 

Thus,  suppose  the  warehouse  capacity  is  W,  and  the  storage  space 
required  per  unit  of  item  i  is  w^.  Assuming  that  the  simple  classical 
inventory  system  of  section  2.2.1  is  used,  the  following  constraint 
has  to  be  observed: 

m 

(34)  E  w  Q  <  W 

i=l  1 

where  m  is  the  total  number  of  items  controlled.  By  this  constraint  we 
make  sure  that  even  if  all  items  reached  their  maximum  inventory  positions 
simultaneously,  the  warehouse  would  still  be  able  to  contain  them  all. 

The  problem  is  then: 


■ 


.1  II. .L 
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(35) 

Minimize  TC  * 

m  D 

E  aicT  + 

i-i  1 

1  ; 

2  Li 

subject  to: 

m 

(36) 

Z  w  Q  -  W 
i-1  1 

<  0 

(37) 

-«i 

<  0 

The  objective  function  is  convex.  This  can  be  shown  by  examining 
its  Hessian  ae.  The  Hessian  is  a  diagonal  matrix  with  all  positive 
elements  on  its  main  diagonal.  Therefore,  for  all  nonzero  vectors  x  it 
is  true  that  x*Jifx  >  0,  hence  the  Hessian  is  positive  definite  and  TC  is 
convex  (Luenberger  [1973,  p.  118]).  The  total  cost  reaches  its  minimum 
within  the  confines  of  constraints  (36)  -  (37),  and  this  is  a  global 
minimum. 

The  Kuhn-Tucker  conditions  (Mangasarian  [1969])  are  necessary  and 
sufficient  for  optimality  in  this  case.  Let  A  be  the  nonnegative  Lagrange 
multiplier  for  (36)  and  Y  for  (37).  The  Lagrangian  is: 


(38) 


m  D.  ,  m  /  m  \ 

L  *  E  A  ^  +  y  E  H  Q  +  A  (  Z  w  Q  -Wj  -  yQ, 

i=l  1  ^i  i-1  1  1  'i=l  / 

The  Lagrangian  can  be  simplified  when  we  realize  that,  given  the  nature 


of  the  problem,  in  the  optimum  solution  >  0  and,  therefore  Y  =  0-  Then, 
last  term  in  L  can  be  dropped  and  the  Kuhn-Tuc.ker  conditions  are: 


(39) 

3l 

9Q1 

- 

o. 

i-1, . . . ,ra 

(40) 

m 

Z  w  Q  -  W 
i-1 

< 

0 

(41) 

m 

A  Z  w  Q  -  W 
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X 

> 

0 

The  solution  can  be  obtained  by  trying  both  X  «  0  and  X  >  0 


For  X  «  0  the  solution  is  given  by 


and  must  be  checked  against  (40) 


For  X  0  the  solution  can  be  obtained  from 


Obviously,  the  case  X  =  0  means  that  the  storage  capacity  limitation 


is  not  binding  and,  therefore,  the  optimal  solution  is  to  use  the  economic 


lot  sizes  determined  for  each  item  independently 


After  solving  (46)  for  Q  ,  and  substituting  for  Q  in  (47)  one 


obtains 


Equation  (49)  has  to  be  solved  for  X  and,  in  general,  this  cannot  be 


done  analytically.  Holt,  et  al.  (1960,  ch.  10],  and  Candea  [1975]  provide 


discussions  of  the  topic  and  suggest  solutions  by  graphical  methods  and 


search  techniques 


I 
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3  Forecasting 

Future  demand  requirements  play  a  leading  role  In  the  process  of  making 
decisions.  To  reach  these  kinds  of  decisions,  our  knowledge  about  demand 
had  to  extend  to  moderate  distances  into  the  future.  For  facilities  design 

. 

problems,  demand  information  has  been  again  a  major  input;  this  time,  however, 
our  knowledge  about  demand  had  to  be  much  more  far-reaching,  extending  over 
periods  of  years. 

Information  about  future  requirements  is  obtained  by  the  process  of 
forecasting.  Demand  forecasts  can  span  a  large  variety  of  planning  horizons, 
ranging  from  days  (e.g.  the  "newsboy  problem")  to  years  and  decades  (e.g. 
capital  investment  problems) .  Certainly  forecasts  can  be  made  for  many 
other  purposes  (such  as  weather  forecasts,  costs  forecasts,  technological 
forecasts,  etc.).  In  this  paper,  however,  our  interest  regards  only 
demand  forecasts  and  related  techniques  for  short  and  medium-range  forecasting, 
to  be  used  in  production  and  inventory  control. 

Brown  [1977,  p.  73]  considers  that  there  are  two  broad  approaches  to 
forecasting:  the  "descriptive"  approach  and  the  "explanatory"  approach. 

In  the  descriptive  approach,  the  basic  assumption  is  that  the  under¬ 
lying  process  that  has  generated  demand  in  the  past  continues  into  the 
future.  Statistical  models  are  applicable  in  this  case.  The  time  series 
(or  the  demand  history)  is  analyzed  for  components  (such  as  the  base  or 
constant  component,  trend,  seasonalities)  and  then  it  is  extraploated  into 
the  future.  A  word  of  caution,  however:  forecasts  made  by  use  of  mathe- 
.  matlcal  techniques  should  constitute  only  the  starting  point  for  decision  making. 

Managerial  inputs,  information  on  special  facts  (for  instance  knowledge 

% 

about  an  impending  promotional  campaign  by  own  company  or  a  competitor) 


mmMm . mi 
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should  interact  with  the  forecasting  system  and  appropriately  alter  future 
estimates  of  demand. 

The  explanatory  approach  tries  to  build  causal  effects  into  the  model. 
A  large  variety  of  models  can  be  found  in  the  literature,  ranging  from 
large  econometric  models  (economy  wide,  sectoral,  industry,  etc.)  to 
special  models  such  as  predicting  buying  patterns  in  certain  strata  of 
the  society. 

This  paper  concentrates  on  descriptive  models  that  account  for  the 
following  demand  patterns (see  Figure  4): 


Figure  4:  Demand  patterns:  (a)  Base,  (b)  Trend,  (c)  Trend  and  seasonalities 

(1)  The  base  (or  constant)  pattern  presents  a  central  tendency  of 
the  time  series  at  any  given  time. 

(2)  The  trend  process  exhibits  a  consistent  long-run  shift  of  the 

average.  The  linear  trend  is  the  most  often  used  assumption. 

(3)  The  seasonal  pattern  shows  a  cyclic  variation,  usually  with  a  one 

year  periodicity.  Seasonalities  can  be  superimposed  upon  a  background  of 
constant  annual  average  demand,  or  can  be  associated  with  a  process  in 
which  the  annual  average  features  a  trend. 

In  all  cases,  a  random  error  component  (noise)  is  present,  which  is 
the  unexplained  deviation  of  the  data  from  the  basic  generating  process. 
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Other  demand  patterns  exist  (Johnson  and  Montgomery  (1974,  p.  403])  such 
as  step  functions,  Impulse  function,  etc.,  but  they  are  not  treated  here. 

Once  an  appropriate  model  is  identified,  the  forecasting  problem  is 
threefold: 

-  estimation  of  all  unknown  parameters  of  the  model, 

-  commutation  of  a  forecast  by  projecting  the  model  into  the  future, 

-  updating  the  parameter  estimates  as  new  data  become  available. 

With  respect  to  the  task  of  updating  the  model  parameters  by  incorpora¬ 
ting  fresh  data  two  approaches  can  be  pursued:  one  in  which  the  time  origin 
is  fixed  and,  therefore,  every  time  the  forecast  is  updated,  the  parameters 
have  to  be  recomputed  from  scratch  in  order  to  incorporate  the  latest  obser¬ 
vations;  the  other  approach,  called  direct  smoothing  or  adaptive  smoothing 
(Brown  [1963,  p.  168])  assumes  the  time  origin  to  be  at  the  end  of  the 
current  period,  and  updates  the  parameters  by  combining  the  old  estimates 
and  the  latest  forecast  error  recorded.  Obviously,  direct  smoothing 
requires  the  time  origin  to  be  shifted  every  time  the  forecast  is  updated. 

To  date  a  sizable  number  of  forecasting  techniques  have  been  perfected; 
it  is  beyond  the  scope  of  this  paper  to  present  them  all.  Books  and 
papers  have  been  published  on  the  topic  and  some  starting  references  are 
indicated  below: 

-  Regression  methods  fit  some  hypothesized  model,  linear  in  its 
coefficients,  to  the  time  series.  Least  square  estimators  are  used  for 
the  coefficients.  Multiple  regression  can  be  used  also  as  an  explanatory 
method  of  forecasting  when  a  causal  relationship  between  the  dependent 
variable  and  the  independent  variables  is  present.  Montgomery  and  Johnson 
[1976,  ch.  2],  Wheelwright  and  Makridakis  [1977,  ch.  7]. 

-  Moving  average  computes  an  average  of  a  constant  number  N  of  past 
observations  in  order  to  eliminate  the  random  variations  or  noise.  As  a 
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new  observation  becomes  available,  the  oldest  observation  is  dropped  (in 
order  to  keep  their  number  constant)  and  a  new  average  is  computer. 

Montgomery  and  Johnson  [1976,  ch.  2],  Makridakis  and  Wheelwrignt  [1978, 
ch.  4,  11]. 

-  Exponential  smoothing  has  become  a  very  popular  method  of  forecasting. 
It  is  present  in  more  detail  leter  in  this  paper. 

-  Bayesian  methods  are  useful  when  one  is  faced  with  a  lack  of  historical 
data  at  the  beginning  of  the  forecasting  process.  The  approach  is  then  to 
start  with  some  initial  subjective  estimates  of  the  parameters  in  the 
model,  and  by  use  of  Bayes  theorem  to  modify  them  in  light  of  the  actual 
data  observed.  Cohen  [1966],  Montgomery  and  Johnson  [1976,  ch.  10]; 

for  Bayesian  theory  see  Raiffa  and  Schlaifer  [1961],  Raiffa  [1970]. 

-  The  Box-Jenkins  models  are  a  set  of  autoregressive  models  in  which 
successive  observations  are  highly  dependent.  Three  classes  of  models 
are  considered;  the  autoregressive  process,  the  moving  average  (of  the 
errors)  process,  and  the  mixed  autoregressive-moving  average  process. 

The  choice  of  the  correct  model  is  made  by  examining  the  autocorrelation 
coefficients.  Box  and  Jenkins  [1976],  Makridakis  and  Wheelwright  [1978, 
ch.  10] ,  Wheelwright  and  Makridakis  [1977,  ch.  8]. 

3.1  Exponential  Smoothing  Methods  for  Fast  Moving  Items 

Due  to  the  basic  difference  existing  between  fast  and  slow  moving 
items  distinct  forecasting  procedures  have  to  be  considered.  Slow  moving 
Items  are  treated  in  a  later  section.  For  fast  moving  items  exponential 
smoothing  techniques  are  presented  in  this  section,  with  the  understanding 
that  forecasts  are  updated  once  every  time  period.  The  length  of  the 
period  can  vary  depending  on  the  characteristics  of  the  controlled  items, 
but  one  month  is  a  usual  period  length  in  many  inventory  systems. 

Out  of  the  multitude  of  forecasting  techniques  we  choose  exponential 
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smoothing  because  it  is  relatively  simple,  it  is  reasonably  accurate, 

and  efficient  from  the  computational  point  of  view.  These  reasons  certainly 

account  for  the  widespread  use  of  exponential  smoothing. 

3.1.1  Exponential  Smoothing  for  the  Base  (Constant)  Pattern 

The  base  pattern  (Figure  10a)  has  a  stationary  demand  distribution. 
The  mean  demand  is  time  invariant,  although  unknown. 

Let: 

-  actual  demand  materialized  in  period  t 
a  -  the  true,  unknown,  constant  demand  which  generates  the 
observed  demand  pattern 

■  random  noise  component  associated  with  period  t,  having  E(et)  »  0 

and  variance  02. 

e 

Thus : 


(50) 


a  +  e 


t 


In  order  to  forecast  we  have  to  produce  an  estimate  a  of  the  constant 
component  a. 

Assume  that  (T-l)  periods  have  gone  by  and  now  we  are  in  a  position 
to  produce  a  forecast  for  period  T.  First  we  try  to  obtain  an  estimate 
of  a  which  we  will  use  as  the  forecast  of  next  period's  demand: 

(51)  =  a 

Being  concerned  with  the  forecast  errors,  we  chose  as  an  estimation 
criterion  the  minimization  of  the  sum  of  weighted  squared  forecasting  errors. 
Since  we  think  that  recent  errors  are  more  relevant  to  the  forecasting 
procedure  than  earlier  errors,  we  weight  the  former  heavier  than  the  latter: 

T-l 

(52)  Minimize  I  0  (Aj,_t  -  a)2  ,  0  <  0  <  1 
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Clearly  the  weight  6  decreases  with  the  age  of  the  data. 
Setting  the  first  derivative  equal  to  zero  one  gets: 

T-l  t  T-l 

z  b\  -  a  r  b  =  o 

t-i  t=i 


But: 


T-i 
l  8 
t-l 


6  +  6*  +  ...  +  B 


T-l 


1-B 

1-B 


1-B 


T-l 
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Thus: 

(53) 


iiB  Y  Bt* 

oT-1,  P  T-t 


A  BCl-B  )  t=l 

Going  through  a  similar  process  we  can  reconstruct  our  forecast 
for  period  T-l  made  at  the  end  of  period  T-2: 


(54) 


T-l 


-1—  —  l  BtAT_ 


62(1-BT"2)  t=2 


If  T  is  large  enough  6T  ^  -*•  0,  6T  2  -*■  0,  and,  therefore,  and 


F“  ^  get  simplified: 


(55) 


T-l 

.b  =  iri  y  at* 

T  B  t^6Ar-t 


(56) 


T-l 


From  (55)  and  (56)  it  follows: 


(57) 


f£  =  (i-B)at_1  +  Bf5_1 


Let  a  -  1-B; 

(58) 

F^  is  the  forecast  for  period  T  made  at  the  end  of  period  T-l.  By  the 
nature  of  the  model  it  is  also  the  forecast  for  any  other  time  period  in 


then: 


(Demand  Excess  Over  Forecast)^,_^  =  ^  -  j 

(59)  Fb  =  +  a(A„  -  Fb  ) 

T  T-l  a',AT-l  T-r 


By  rearranging  the  terms: 


(60)  “  “Vl  +  (1_a)FT-l 

which  is  precisely  equation  (58).  Equation  (59),  however,  allows  us 
to  better  see  the  meaning  of  the  smoothing  constant.  If  a  is  large,  the 
system  is  "nervous"  in  reaching  to  forecast  errors,  while  with  a  smaller  a 
more  of  a  smoothing  effect  is  obtained  (slower  response  to  forecast  errors) . 


Forecast  F^,  is  an  asymptomatically  unbiased  estimator  of  a.  To  show 


the  future. 

Equation  (58)  can  be  given  an  intuitive  interpretation:  the  forecast 
for  period  T  can  be  obtained  by  combining  the  previous  fore-cast  (for 
period  T-l)  with  the  latest  actual  demand  observed.  The  forecast  for 
period  T  is  thus  composed  of  a  fraction  (1-a)  of  the  previous  forecast 
plus  a  fraction  a  of  the  actual  demand  The  mix  is  controlled  by 

monitoring  parameter  a. 

The  origin  of  time  is  continuously  updated;  thus,  the  time  period  for 
which  we  have  recorded  the  most  recent  observation  is  always  labeled  T-l, 
while  the  upcoming  period  is  always  called  T. 

Equation  (58)  defines  what  is  called  forecasting  by  exponential 
smoothing,  and  a  is  the  smoothing  constant.  The  term  "exponential"  originates 
in  the  exponential  decay  with  time  t  of  the  B*"  coefficients. 

A  heuristic  intuitive  development  of  (58)  can  also  be  conducted 
(Brown  (1959,  p.  46]):  to  get  the  new  forecast  of  demand,  adjust  the 
previous  forecast  by  a  fraction  a  of  the  amount  by  which  demand  exceeded 
forecast  in  the  last  period  (i.e.,  period  T-l): 


-  !  M  t  fWfc*  ■  '  /J 


this,  (59)  can  be  developed  recursively,  this  yielding 


in  a  stabilized  system  (T-*-00)  is 


Then,  the  expected  value  of  F, 


a,  it  follows 


Therefore,  our  decision  to  use  F, 


to  forecast  the  unknown  "a"  appears 


Two  Issues  have  to  be  resolved  before  (59)  is  used  to  predict  demand 


the  initialization  of  the  model  and  the  appropriate  choice  of  the  smoothing 


constant 


Brown  [1963,  p.  102]  recommends  the  use  of  the  simple  average  of  the 


most  recent  N  observations  as  the  initial  value  of  the  smoothed  statistic 


T-r  initial 


When  no  demand  history  is  available  (F_  .).  ,  is  made  equal  to  a 

i— 1  initial 

subjective  prediction  of  the  average,  based  on  the  based  judgement  of 


marketing  people  or  derived  from  similarities  with  other  products 


Call  period  1  the  first  period  of  the  forecasting  horizon,  period  2 


the  second  period,  etc.  Then,  when  we  start  forecasting  for  the  first  time 


our  forecast  F^  is  precisely  the  initial  value  (FT  ^t  t*'e 

end  of  the  first  period,  after  the  actual  demand  A1  will  have  been 


observed,  (60)  will  generate  a  forecast  F 


for  period  2 
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It  is  important  to  realize  that  the  initial  forecast  (F^  . . .  , 

T-l  initial 

gets  soon  strongly  discounted  in  the  forecasting  process  by  a  weight  B*" 
(after  t  observations),  as  indicated  by  (61).  Therefore,  any  reasonable 
estimate  can  be  used  as  an  initial  condition. 

The  rate  of  response  of  the  forecasting  model  is  certainly  influenced 
by  the  choice  of  the  smoothing  constant  (see  (59)).  A  higher  value  for  a 
improves  the  ability  of  the  model  to  track  a  fluctuating  pattern  of 
demand,  but  reduces  its  function  of  filtering  out  random  variations.  The 
choice  of  a  is  also  affected  by  the  reliability  of  the  initialization  proce¬ 
dure.  If  the  initial  estimate  (F^  )  is  questionable,  a  larger 

l— I  initial 

a  will  help  discount  its  influence  faster.  Contrarily,  if  there  is  a  strong 
confidence  in  the  prediction  of  initial  conditions,  a  smaller  a  will 
prevent  any  quick  and  undesired  change  by  smoothing  out  the  random 
component  of  the  demand  genrating  process.  The  forecast  update  period  is 
still  another  factor,  in  that  over  a  longer  period  conditions  are  more 
likely  to  change  and,  therefore,  a  larger  smoothing  constant  is  required 
in  order  to  incorporate  the  change  into  the  updated  forecast. 

From  the  above  discussion  it  is  clear  that  there  are  contradictory 
Issues  involved  in  choosing  the  appropriate  value  of  the  smoothing  constant. 
One  one  hand  we  want  the  forecast  to  be  sensitive  enough  in  order  to 
respond  to  the  real  changes  in  the  demand  pattern.  On  the  other  hand 
forecast  stability  is  desirable  as  a  protection  against  the  system  over¬ 
reacting  to  random  variations  in  the  signal.  A  third  criterion,  the 
accuracy  of  forecasts  (Brown  [1963,  p.  118]),  should  also  be  observed. 

As  a  general  rule,  the  literature  recommends  values  for  a  within  the  range 
0.01  to  0.3,  a  value  of  0.1  being  a  satisfactory  compromise  between  a  very 
stable  system  and  a  "nervous"  system  (Brown  [1963],  Johnson  and  Montgomery 
[1974]).  One  way  to  choose  the  a  is  by  simulation  (Holt,  et  al  [I960]). 
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Thus,  available  demand  history  is  partitioned  into  two  sets  of  data.  The 
first  set  is  used  to  initialize  the  model;  the  model  is  then  run  with 
different  smoothing  constants  over  the  first  part  of  the  series,  in  order 
to  reduce  the  effect  of  initial  conditions,  and  then  over  the  remaining 
data,  considering  the  second  set  as  fresh  demand  observations.  Select 
that  value  of  a  which  optimizes  some  criterion  (e.g.  minimizes  the  sum 
of  squared  errors) .  If  a  rather  large  value  of  a  seems  to  be  required 
(especially  if  over  0.3)  this  should  be  regarded  as  a  strong  indication 
that  a  different  model  might  be  necessary. 

It  is  conceivable  that  more  than  one  value  of  the  smoothing  constant 
might  have  to  be  used  if  circumstances  change.  Thus,  for  instance,  if 
the  initial  estimate  of  the  average  is  unreliable  we  can  start  out  with 
a  large  a;  after  a  few  periods  of  running  the  model,  when  the  effect  of 
initial  conditions  has  worn  off  and  the  true  process  has  "taken  over", 
the  smoothing  constant  can  be  decreased  to  provide  a  better  stability. 

A  somewhat  similar  line  of  thinking  has  led  to  the  development  of  the 
adaptive  control  smoothing  models  for  automatically  adjusting  the  value 
of  the  smoothing  constant.  A  tracking  signal,  representative  of  the 
forecasting  system's  performance,  is  continuously  monitored  (section 
3.5).  When  the  tracking  signal  exceeds  some  appropriately  chosen  bounds, 
thus  indicating  unacceptably  large  forecasting  errors,  the  value  of  the 
smoothing  constant  is  increased  accordingly,  in  order  to  give  more  weight 
to  recent  data  and  thus  bring  the  system  faster  in  line  with  the  changed 
pattern  of  demand.  When  the  out-of-control  condition  disappears,  the  smooth¬ 
ing  constant  can  be  restored  to  its  "normal"  value.  Basically  this  is  the 
essence  of  the  adaptive  control  model  proposed  by  Trigg  and  Leach  [1967], 
Other  techniques  have  been  proposed  by  Eilon  and  Elmaleh  [1970],  Montgomery 
[1970],  and  Chow  [1965]  with  extensions  by  Roberts  and  Reed  [1969], 


i  -f. 
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3.1.2  Exponential  Smoothing  for  Demand  Patterns  with  Linear  Trend 
The  linear  trend  pattern  is  illustrated  in  Figure  10b  and  can  be 
represented  by  a  polynomial  of  degree  one: 


(64) 


At  =  a  +  bt  +  e 


where : 

A^  ”  materialized  (observed)  demand  in  period  t 

a  *■  base  component,  from  which  the  linear  trend  starts 

b  “  trend 

efc  -  random  noise  sample  in  period  t;  E(et)  =  0  and  the  variance 

is  o2 . 

e 

Also  let  F^r  be  the  forecast  made  at  the  end  of  period  T-l  for  period  T 

the  superscript  tr  denotes  the  trend  model. 

t  r 

We  approach  the  task  of  producing  F^,  in  two  ways:  by  using  two  smooth¬ 
ing  constants,  or  by  using  only  one  smoothing  constant  but,  instead,  resort¬ 
ing  to  double  smoothing. 

Forecasting  the  Linear  Trend  Pattern  with  Two  Smoothing  Constants 
The  first  tentative  we  make  is  to  use  the  simply  smoothed  statistic 
of  3.1.1  to  forecast  the  linear  trend  pattern: 


FT  “  “*1-1  +  (1_ot)  Fx-1 

or,  by  (61): 

-  a  l1  6t-1Ar_t  +  BT_1F^ 
Let  us  compute  the  expected  value  of  F^: 


T-1 

E[f£]  =  a  E  Bt-1E[AT_t]  +  8T_1E[fJ]  - 


-  a  E  Bt-1[a  +  b(T-t) ]  +  BT-1E[Fh  - 

t-1.  1 

T-l  T-1  T-1 

-  aa  E  Bt_1  +  bTa  E  Bt_1  -  ba  E  tBt_1  +  BT_1E[F^] 

t-1  t-1  t-1  1 

Make  T  -*■  00  in  order  to  stabilize  the  system  (i.e.,  discount  to  zero 
Initial  conditions  or  any  transient  response) : 

(65)  e[f£]  =  aa  E  8t_1  +  bTa  E  Bt_1  -  ba  E  tBt_1  - 

t-1  t-1  t-1 


1  .  1  1 

-  aa  T-r  +  bTa  y-x  -  ba - 

1-6  1-6  (1— B) 2 


=  a  +  bT  -  b  - 
a 

As  E[A^,]  -  a+bT,  it  follows  from  (65)  that  in  the  case  of  a  linear 
trend  pattern  the  steady  state  response  of  the  simple  exponential  smoothing 
forecast  F^  for  period  T  lags  the  expected  demand  of  period  T  by  a 
constant  b 

An  equivalent  result,  often  found  in  the  literature  (Brown  [1963, 

p.  128]),  states  that  simple  exponential  smoothing  develops  a  lag  of 
1—0 

b  behind  a+b(T-l),  which  is  immediately  apparent  from  (63) 

The  larger  the  smoothing  constant  the  smaller  the  lag;  however,  even 
with  a  high  value  of  a  the  bias  persists,  requiring  therefore  corrections 
for  trend. 

bet  be  the  estimate  of  the  trend,  computed  at  the  end  of  period 
T-1,  i.e.,  the  projected  trend  for  period  T.  Since  ^T  will  also  be 
updated  by  exponential  smoothing,  we  want  to  distinguish  between  the  smooth¬ 
ing  constant  used  in  computing  F^,  call  it  a^,  and  the  smoothing  constant 


-  £■ 
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used  In  trend  calculations,  let  it  be  c^.  The  trend  Is  smoothed  as  follows: 

(66)  ^  -  c.2(f£  -  F^)  -  <l-a2)  «^_1 

which  expresses  the  fact  that  the  trend  forecast  for  period  T  is  obtained 
aa  a  linear  combination  between  the  previous  trend  forecast  (for  period 
T-l)  and  the  current  change  in  the  average  demand  forecast  (constant 
process)  Fb  -  Fb_^. 

Equation  (66)  yields: 

(67)  -  a2  E  (l-o2)t(F^t  -  F^^)  +  (l-a2)T_1 

The  expected  value  of  ^T  is: 

T-2  .  ,  T-2 

(68)  E[#l]  -  a,  E  (1-ct  )CE{f!  ]  -  a  E  (1-a  )CE[Fb  ]  + 

c  t-0  *  *  t=0  1_C_1 

+  (l-a2)T_1E[  ^  ] 

By  (65)  we  have: 

(69)  E[F*_t]  "  a  +  b(T-t)  "  b  ^ 

(70>  ElFT-t-l]  ”  a  +  6(T-t-D  -  b 

Let  T  grow  very  large;  then  the  last  term  in  (68)  dwindles  to  zero, 
so  it  can  be  disregarded.  From  (68),  (69),  and  (70)  it  follows  that: 

(71)  E[^l  -  b 

i.e.,  the  trend  computed  by  (66)  is  an  asymptomatically  unbiased  estimator 
of  the  real  trend. 

By  (64),  (65),  and  (70)  we  can  compute: 


(72)  E[Fb+J_^]  „  a  +  bT_bi  +  ib  „  a  +  bT  -  E(  Aj] 

1  1  1 
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and,  therefore,  expression  is  an  unbiased  demand  forecast  for 

period  T. 

The  response  of  the  system  to  the  linear  trend  process  is  stable, 
although  it  tends  to  overshoot  slightly  a  suddien  jump  in  demand  such  as 
an  impulse  or  a  step  input.  Eventually  it  settles  down  to  the  correct 
value  (Brown  [1959,  ch.  2]). 

Here  is  a  summary  of  the  formulae  for  forecasting  a  linear  trend 
process: 


Ft  is  the  demand  forecast  made  at  the  end  of  period  T-l  for  period 
T.  For  any  other  period  more  distant  in  the  future,  say  T+r,  the  forecast 
is  obtained  with  F^r  +  t 

The  forecasting  system  (73)  is  used  as  follows: 

-  At  the  end  of  the  current  period  (period  T-l)  a  record  of  the  actual 

sales  of  the  product  is  obtained. 

-  The  previous  forecast  F^  ^  is  known,  hence  F^  can  be  computed. 

-  The  trend  is  updated  to  yield  fJ_x  and  ^  are  known  from 

the  previous  time  period,  and  F^  has  just  been  calculated. 

-  With  all  elements  available,  F*r  is  fully  determined. 

For  the  choice  of  the  smoothing  constants  a^,  the  same  Issues  are 
Involved  as  in  the  previous  section. 

The  initialization  procedure  has  to  provide  two  starting  values: 
fJ  and  [or  and  (  for  the  first  period  of 


A  A  umt 


T 


the  forecasting  horizon.  Suppose  that  N  periods  of  demand  history  are 
available.  Fit,  by  regression,  a  line  a+bt  to  the  data  (Figure  11) ;  the 

A 

regression  yields  two  estimates  a  and  b.  Then: 


(F?-l>l»ltUl  -  3  +  £" 


*1  • 


initial 


Demand. 


Regression 
\  line  a+bt 


✓First  period  for  which  a 
forecast  has  to  be  generated 


123  ...  N-2  N-l  N  1  2 


History 


Forecasting  horizon 


Figure  11:  Initialization  by  the  use  of  regression 


The  forecast  for  the  first  period  of  the  forecasting  horizon  is: 

F^r  ■  F^  +  After  the  first  period  is  over,  the  value  of  the  actual 

demand  becomes  known,  and  the  smoothing  process  can  start: 

F2  “  “lAl  +  (1_ai)Fi 

or  —  ^  -l.  / \  or 


^  -  a2(F°  -  fJ)  +  (l-a^) 


'I'  - 


v.  titA  1 .  JLi  t  w 
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Obviously,  a  few  periods  are  necessary  for  the  smoothing  process  to  reach 
the  steady  state. 

When  several  years  of  history  are  available  the  initial  estimate  of 

the  trend  can  also  be  computed  as  follows:  calculate  the  average  monthly 

demand  in  the  first  year  and  in  the  last  year;  then,  is  the  average 

trend  between  the  first  and  last  years  (Holt,  et  al  [1960,  p.  265]). 

With  7  to  11  months  of  history  Brown  [1977,  p.  104]  recommends  the 

least  square  fit  for  initialization. 

In  other  cases,  when  the  available  demand  history  is  short  or  when 

there  is  not  a  clear  understanding  of  the  demand  pattern,  it  is  generally 

better  to  start  by  using  an  initial  trend  of  zero.  To  compensate  use 

fast  smoothing,  at  the  beginning,  with  a2  =  0.3,  which  guarantees  a 

rapid  adjustment  of  the  model  to  the  existing  trend.  Then,  lower  the 

smoothing  constant  to  a  "normal"  level  like  =  0.1. 

Forecasting  the  Linear  Trend  Pattern  with  Double  Exponential  Smoothing 

We  have  shown  that  F^  of  equation  (58)  is  an  exponentially  smooted 

statistic  whose  value  is  computed  at  the  end  of  period  T-l  and  used  to  make 

predictions  for  period  T.  For  the  purpose  of  this  section  and  for  unity 

of  exposure  let  us  think  now  of  F^  not  as  a  forecast  but  rather  as  a 

* 

statistical  entity  whose  smoothed  value  ^  at  the  end  of  period  T-l  is 

obtained  by: 

<W  Vl)  '  “*I-1  +  <1-“>SlT-2] 

In  (74)  S[j_2]  is  the  smoothed  statistic  computed  at  the  end  of  period 

T-2,  and  the  actual  demand  recorded  in  period  T-l;  a  is  the  smooth¬ 

ing  constant. 

* 

Brackets  around  the  subscript  indicate  that  the  statistic  is  computed 
at  the  end  of  the  bracketed  period;  contrast  with  non-bracketed  statis¬ 
tics,  e.g.  F^,  or  with  observed  values  during  some  time  period,  e.g. 


If  exponential  smoothing  is  applied  to  the  results  of  smoothing  the 

[2] 

original  data,  the  second  order  smoothed  statistic  *s  obtained. 

This  process  is  called  double  exponential  smoothing  and  is  defined  by: 

(75)  S [T-l]  "  aS[T-l]  +  (1_a)5[T-l] 

f21 

In  (75)  1]  *s  t*'e  secon<*  order  smoothed  statistic  computed  at 

the  end  of  period  T-2. 

Q 

It  has  been  shovm  earlier  that  SjT  ^  develops  a  bias  of  b  —  behind 

[21 

Ap  similarly,  the  steady  state  response  of  ^  is  biased  by  the 

g 

same  b  —  behind  S,_  , .  (see  Figure  12). 
a  [T-1J 


a+b(T-l) 


Noise  free 
linear  process 
a+bt 

First  order 
smoothed  statistic 
S,., 


Second  order 
smoothed  statistic 
c[2] 


Period  T-l  ' 

Figure  12:  Original  data,  first  order,  and  second  order  smoothed  statistics 

for  a  noise  free  linear  trend  process 


From  Figure  12  it  is  immediately  apparent  that: 


a+b (T-l)  -  2E[Sr_  -  EtS:„ 


Wv 


>  r  2 1  8 

Since  the  "distance"  between  and  S[x_i]  ls  b  the  estimate 

/\ 

b[T  1]  tbe  tren<*  at  t^,e  end  Period  T-l  is: 


(77) 


„tr 


Hence,  the  unbiased  demand  forecast  F^,  for  period  T,  produced  at  the 
end  of  period  T-l,  is  given  by: 


(78) 


The  "current"  intercept  (see  Figure  12)  is  a+b(T-l);  if  a 


[T-l] 


in  its  estimate,  from  (76)  we  have  that: 
(79) 


‘[T-l] 


2S  -  S[2] 

[T-l]  S [T-l] 


and  therefore  (78)  could  also  be  written  as  F^  =  a^  ^  +  bjT  ^ . 

Forecasts  made  at  the  end  of  period  T-l  for  any  future  period  T+r 

t  r  a 

are  computed  by  F^,  +  Tb^T1j. 


.[2] 


To  start  the  forecasting  procedure  two  initial  values,  for  SjT  ^  and 


S [T-l] *  have  t0  be  Provided.  Equations  (76)  and  (77)  suggest  that 

[2] 

the  initial  conditions  and  can  be  derived  from  the  estimates 

A  A 

and  bjgj  of  the  base  and  trend  at  time  zero;  thus,  by  making  T=1  one 

gets: 


‘[0] 


’[0] 


2S  -  S^2^ 

2  [0]  s[0] 

«  (s  _s[2A 

6  Vs[0]  s[0]/ 


Sjqj  and  bjgj  can  be  obtained  by  fitting  a  regression  line  to  past 
data,  if  available.  Otherwise,  subjective  estimates  of  the  coefficients 
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have  to  be  produced.  Afterwards: 

1  £ 

a[0]  “  a  b[0] 

=  a[0]  "  2  a  b[0j 

The  forecast  for  the  first  period  of  the  forecasting  horizon  is: 

F^r  =  -  S |2|  +  After  period  1  the  system  of  equations 

(74),  (75),  (77),  and  (78)  can  take  over. 

Brown  [1963,  ch.  10]  shows  that  the  value  of  the  smoothing  constant 
used  in  double  exponential  smoothing,  call  it  should  be  related 

to  the  value  of  the  constant  used  in  simple  smoothing,  call  it  asinpie» 
by  the  following  equation: 

2  asimple  adouble^ 

Thus,  the  equivalent  of  a  small  "simple"  smoothing  constant  asimp^e  =  0.01 

is  a.  . ,  *  0.005,  while  a  large  smoothing  constant  equivalent  to 

double 

a  .  ,  ■  0.3  is  a,  ,  .  -  0.163. 

simple  double 

3.1.3  Exponential  Smoothing  for  Demand  Patterns  with  Trend  and  Seasonalities 
Demand  patterns  with  trend  and  seasonalities  (Figure  10c)  can 
exhibit,  in  general,  two  seasonal  behaviors: 

-  the  multiplicative  seasonal  effect  by  which  the  amplitude  of  the 
seasonal  swing  is  proportional  to  the  sales  level; 

Demandt  =  (Base  +  Trend)  •  (Seasonal  factor) 

-  the  additive  seasonal  effect,  in  which  case  the  amplitude  of  the 
seasonal  pattern  does  not  depend  on  the  level  of  sales: 

Demandt  «  Base  +  Trend  +  (Seasonal  factor) t 
Since  in  most  cases  the  amplitude  of  the  seasonal  pattern  is  propor- 


tional  to  the  level  of  sales  (Makridakis  and  Wheelwright  [1978,  p.  199]), 
we  develop  in  this  section  the  multiplicative  model.  Its  form  is  given 
by  Winters  [I960]: 

(80)  At  '  +  bt)ct  +  ct 

where  all  notations  have  been  explained  previously  except  ct  which  is  the 
seasonal  factor  associated  with  period  t.  The  amount  between  parentheses 
contains  no  seasonal  effects  and  can  be,  therefore,  forecast  by  a  system 
similar  to  (73): 

(81) 

(82) 

(83) 

The  above  equations  are  written  at  the  end  of  period  T-l. 

In  (82)  ^[t~1-l]  *s  t*le  smoothed  seasonal  factor  for  period  T-l 

updated  L  periods  ago,  where  L  is  the  length  of  the  seasonal  cycle.  In 
many  cases  the  seasonal  cycle  is  one  year,  which  makes  L=12  months  or 
L-13  four  week  periods.  By  dividing  in  (82)  the  actual  demand  ^ 
by  t*'e  seasonal  component  is  removed;  hence,  only  the  permanent 

component  and  the  trend  enter  the  smoothing  process  of  F^r. 

At  the  end  of  period  T-l  the  estimate  of  the  seasonal  factor  has  to 
be  updated.  Its  new  value  SF.  .  is  given  by: 
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This  value  will  be  used  to  deseasonalize  the  observed  data  one  cycle  (L 
periods)  later  (e.g.,  the  updated  seasonal  factor  computed  at  the  end  of 
Hay  this  year,  will  be  used  to  deseasonalize  the  actual  demand 


l-o. 


AMa  recorded  during  May  next  year) . 

In  (84)  the  fraction  (A^,_^)/(FT  +  — —  8/^)  represents  the  current 
observed  seasonal  variation  since,  as  shown  in  3.1.2,  the  denominator 
is  an  asymptomatically  unbiased  estimate  of  a+b(T-l). 

dj  is  the  smoothing  constant  used  for  seasonal  factor  updating, 
t 

If  F,j,  is  the  demand  forecast  made  at  the  end  of  period  T-l  for 
period  T,  then: 


(85) 


„tr+s 


<f") 


<Sr|T-Ll> 


For  any  other  more  distant  period  T+T  the  forecast  is  obtained  with: 


(86) 


Thus,  we  need  the  seasonal  factor  for  period  T+T  which  was  last  updated 
at  the  end  of  period  T+r-L.  If  T  >  L  the  appropriate  seasonal  factor  has 
to  be  reused  cyclically. 

Initialization  procedures,  that  are  all  quite  similar,  have  been 
proposed  by  Winters  [1960],  Johnson  and  Montgomery  [1974,  ch.  6-4], 
Montgomery  and  Johnson  [1976,  ch.  5],  Starting  values  (F^.^) » 

(  *^T-1) initial’  and  (SF [T-1-L])initial  have  t0  be  pr0vlded- 

Suppose  that  a  demand  history  for  the  last  N  seasonal  cycles,  of 

L  periods  each  Is  available  (figure  13).  Let  be  the  per  period 

average  of  the  observations  during  the  i-th  season,  1*1,,.., N. 


... 


Demand 


Estimate  of  the 

(a+bt)  line 


T-l' initial 


period  2 


Time 


Forecasting 

horizon 


Initialization  of  the  forecasting  process  for  trend  and 


This  initial  estimate  of  the  trend  can  be  computed  from  the  formula 


T-l  initial 


From  Figure  13  it  is  apparent  that  (87)  gives  the  slope  of  the 


line  estimating  a+bt. 

The  starting  value  for  the  permanent  (base)  component  can  be  computed 


from 


T-l' initial 


T-l' '  lit  ial 


For  each  of  the  N*L  periods  a  seasonal  factor  is  calculated  as  the 


ratio  of  actual  sales  for  the  period  to  the  height  of  the  corresponding 


point  on  the  estimated  (a+bt)  line 


A.  -  l (L+l) /2-j ] (  &  ,) 


T-l  initial 


ltFT-lJ  initial  +  (  & T-{)  initial1  (SF1)  initial 


where  (SF,).  .. .  .  is  the  initial  estimate  of  the  seasonal  factor  appropriate 
1  initial 

for  period  1  of  the  forecasting  horizon. 

After  the  actual  demand  in  period  1  becomes  known,  the  forecasting 
can  be  automatically  produced  by  using  equations  (81)  -  (86).  In 
equation  (84),  used  here  to  update  the  seasonal  factor  at  the  end  of 
period  1,  the  value  to  use  for  SF^  ^  ^  is  (SF^) • 

An  alternative  way  for  initializing  the  forecasting  procedure  is 
shown  in  the  original  paper  by  Winters  [I960]. 

McClain  [974],  and  McClain  and  Thomas  [1973] found  that  under  changing 
conditions,  exponentially  smoothing  models,  like  Winter's,  can  possibly 
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Induce  instability  of  the  forecast  especially  if  the  trend  smoothing 
constant  is  large.  In  order  to  avoid  the  oscillatory  behavior 
Peterson  and  Silver  [1979]  recommend  for  a 2  values  not  in  excess  of  0.05; 
they  also  suggest  that  the  set  of  smoothing  constants  “  0.2,  “  0.05, 

cij  °  0.1  has  proven  reasonable  in  many  cases. 

It  is  important  to  mention  that  special  care  should  be  given  to  the 
initialization  of  the  seasonal  factors  because  they  are  re-estimated  only 
once  a  cycle;  therefore  the  effect  of  their  starting  values  is  felt  longer, 
especially  when  the  smoothing  constants  are  small. 

Seasonal  demand  and  more  complex  shapes  of  pattern  can  be  described 
by  appropriately  combining  polynomial,  trigonometric,  and  exponential 
functions  of  time. 

Thus,  a  simple  sinusoidal  model 


,  2ttT  . 

a^  +  a2  sin  -jj"  +  et 


can  represent  a  sales  pattern  observed  twelve  times  during  the  seasonal 
cycle.  The  origin  of  the  sine  wave  may  be  shifted  t  periods  by  using: 

At  c  ai  +  a2  sin  n  (t_to)  +  et 


which  is  equivalent  to: 


,  .  2TTt  ,  2lTt 

al  +  a2  sln  IT  a3  cos  IT 


+  e. 


If,  besides  seasonalities,  a  linear  trend  is  also  present  a  simple 

* 

twelve-point  model  to  reflect  this  is: 


Unless  models  are  derived  from  each  other,  coefficients  a^,  a2>  ...  used 
in  some  expression  are  in  no  way  connected  with  coefficients  with  the  same 
notation  involved  in  another  expression. 


-,Tt  -  T  *  -«r 


In  many  cases  as  the  level  of  sales  increases  with  time  the  seasonal 


Including  harmonics  of  the  basic  wave  forms  allows  us  to  increase  the 


descriptive  accuracy  of  the  models 


In  dealing  with  these  more  complex  types  of  forecasting  models,  as  it 


was  also  the  case  with  the  simpler  ones  presented  earlier,  one  has  to  find 


an  iterative  procedure  for  updating  the  estimates  of  the  coefficient 


values  with  each  new  observation 


Brown  [1963,  ch.  11,  12]  develops  a  procedure  by  which  the  vector  of 


coefficients  in  the  model  is  updated  directly,  by  taking  linear  combinations 


of  the  old  coefficient  estimates  (made  at  the  end  of  the  previous  period) 


and  the  most  recently  observed  one  period  forecast  error.  Similarly  to 


the  exponential  smoothing  techniques  seen  earlier,  the  approach  is  to 


gradually  discount  the  data  in  time;  the  criterion  observed  in  estimating 


and  updating  the  coefficient  values  is  the  minimization  of  squared  resi 


duals.  Unlike  the  smoothing  presented  before,  however,  the  model  parameters 


are  smoothed  directly  rather  than  through  the  use  of  exponentially  smoothed 


The  discount  factor  8.  (where  k  is  the  number  of  coefficients  in  the 


forecasting  model),  0  <  8.  £  1,  is  taken  as  8,  =  1 


smoothing  constant.  The  larger  the  number  of  coefficients  (terms)  in  the 


model  the  more  descriptive  or  tracking  built-in  ability  it  has  and,  there 


fore,  the  smoothing  constant  can  take  on  smaller  values.  If  a.  is  the  smooth¬ 


ing  constant  used  in  simple  exponential  smoothing  the  following  should  hold 
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(91)  (1  -  -  1  -  ax 

The  direct  revision  of  coefficients  is  shown  to  be  generally  approplate 
for  all  forecasting  models  which  consist  of  time  functions  generated  by 
a  transition  matrix,  i.e.,  functions  whose  values  at  time  period  t+1  are 

* 

linear  combinations  of  the  same  functions  evaluated  at  the  previous  time  t. 

When  the  forecasting  model  contains  only  polynomial  functions  of  time, 
and  after  the  transient  effect  of  Initial  conditions  becomes  negligible, 
general  exponential  smoothing  produces  forecasts  identical  to  multiple 
smoothing.  Thus,  for  instance,  general  exponential  smoothing  (in  steady 
state)  produces  for  the  linear  trend  model  (Brown  [1963,  p.  172])  the  same 
coefficients  we  have  seen  earlier  resulting  from  double  exponential  smooth¬ 
ing  [expressions  (77),  (79)]. 

3.2  Forecasting  Over  Lead  Times 

In  production  and  inventory  systems  the  lead  time  starts  when  a 
replenishment  order  is  triggered  or  a  shop  order  is  released,  and  it 
ends  whenever  material  is  received.  Since  there  is  always  the  possibility 
that  available  inventory  will  not  last  through  the  lead  time,  it  is  impor¬ 
tant  to  forecast  demand  over  lead  times  in  order  to  be  able  to  set  appropriate 
order  points. 

We  have  shown  in  the  preceding  section  how  to  produce  forecasts  for 
future  periods.  Then,  if  we  are  now  at  the  end  of  period  T-l,  the  forecast 
of  cumulative  demand  for  a  lead  time  of  £  periods  is: 

£-1 

(92)  (F£)  -  £  F 

T=0 


This  class  of  functions  Includes  polynomials,  sinusoids,  exponentials, 
and  sums  and  products  of  them. 


/  vV 


\r- 


2 


.Vfv  *v.-  'Hr*. 
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\ 

where : 

(Yl)j  ■  forecast  over  an  i  period  lead  time  extending  from  period  T 
through  period  T+fc-1 

Ft+^  “  forecast  made  at  the  end  of  T-l  for  period  T+r .  The 

appropriate  forecats  have  to  be  used  depending  on  the  demand 
pattern  (base,  trend,  seasonalities). 

If  the  lead  time  is  slightly  variable,  we  should  consider  an  interval 
long  enough  to  include  all  reasonable  cases,  say  to  0.8  fractile. 

If  the  lead  time  is  highly  and  unpredictably  variable,  we  should  measure 
the  demand  during  the  lead  time  directly  and  then  forecast  demand  per  lead 
time  rather  than  per  period. 

If  the  inventory  is  reviewed  after  each  transaction,  the  lead  time 
Is  exactly  the  time  required  to  deliver  the  item  to  stock.  However,  if 
the  inventory  is  reviewed  on  a  regular  schedule,  we  must  add  one  review 
period  to  the  delivery  lead  time,  the  review  period  being  the  interval 
between  regular  reviews. 

3.3  Forecast  Errors 

The  random  elements  in  the  demand  pattern  generate  errors  in  the 

forecast  of  the  expected  demand.  The  noise  in  the  demand  process  means 

that  the  observed  demand  does  fluctuate  around  the  average  process  and 

these  fluctuations  in  turn  create  errors  in  our  estimate  of  what  the  ■ 

average  process  is.  We  define  the  forecast  error  ET  in  period  T  as  the 

observed  discrepancy  between  the  forecast  F^,  for  period  T  and  the  actual 

* 

observation  A^,  for  that  period: 

<,3>  *t  ‘  Ft'\ 

it  • 

As  mentioned  earlier,  the  appropriate  forecast  FT  has  to  be  used  depending 
on  the  underlying  demand  pattern. 
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is  the  forecast  for  the  next  period;  therefore  we  called  Z^  the 
one  period  forecast  error. 

As  forecast  errors  are  a  reflection  of  the  uncertainties  inherent  in 
the  demand  process,  knowledge  of  forecast  error's  characteristics  is 
central  to  setting  safety  stocks  (order  points)  to  provide  protection 
against  stockouts  during  lead  time. 

3.3.1  One  Period  Forecast  Errors 

In  manufacturing  environments,  where  consumer  demand  has  to  be  fed  up 
several  levels  of  distribution,  forecast  errors  are  generally  normally 
distributed.  In  a  retail  business,  where  ultimate  consumer  demand  is 
served,  forecast  errors  are  more  likely  to  be  exponentially  distributed 
(Brown  [1977,  p.  146]). 

Since  we  have  repeatedly  stressed  the  use  of  asymptomatically  unbiased 
statistics  ia  predicting  future  demand,  we  should  expect  the  mean  of  the  fore¬ 
cast  to  be  the  mean  of  the  observed  demand  and  the  mean  forecast  error  to  be  zero 

The  dispersion  of  the  forecast  errors  is  measured  by  the  variance  of 
the  distribution  of  errors.  With  a  mean  error  of  zero,  the  variance  is 
estimated  by  the  mean  square  error  (MSE) .  In  most  applications  we  may 
assume  the  distribution  of  errors  to  be  stationary  and,  therefore,  we  can 
consider  that  the  squared  error  fluctuates  around  a  constant  level.  This 
immediately  suggests  using  simple  exponential  smoothing  to  update  the  mean 
square  error: 

(MSE)t  ■=  okE’_1  +  (l-ak)  (MSE)^ 

«  mean  square  error  forecast  for  period  T  made  at  the  end 
of  period  T-l 

-  current  forecast  error,  observed  in  period  T-l 


(94) 

where : 

(mse)t 

ET-1 
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-  smoothing  constant  corresponding  to  the  model  used  for 
forecasting;  for  a  model  with  k  coefficients  conforms 
to  relation  (91). 

When  a  history  of  demand  is  available  for  the  item  under  consideration, 
an  initial  value  for  MSE  can  be  computed  by  simulating  the  adopted  forecast 
model  over  the  historical  data.  The  simulated  errors  (i.e.,  residuals) 
are  squared  and  summed.  The  sum  is  divided  by  the  number  of  degrees  of 
freedom  to  yield  the  initial  MSE.  The  number  of  degrees  of  freedom  is 
given  by  the  difference  between  the  number  of  errors  in  the  sum  and  the 
number  of  terms  in  the  forecast  model. 

If  the  item  has  no  demand  history  (or  the  history  is  too  short),  an 
initial  value  of  MSE  can  be  estimated  from  the  variance  law  (Brown  [1977]). 
The  variance  law  shows  that  the  standard  deviation  of  the  forecast  errors 
Oj  and  the  level  of  the  forecast  are  related;  thus,  in  the  two  more  common 

forms  of  the  law  the  standard  deviation  is  proportional  to  some  power  of 

• 

the  forecast:  =  a(FT)  ,  with  values  for  b  frequently  between  0.7  and  0.9, 

or  the  variance  can  be  expressed  by  some  polynomial  function  of  the  fore¬ 
cast:  a2  m  c(Ft)  +  d(FT)2  (Burgin  and  Wild  [1967],  Stevens  [1974]). 

Parameters  a,  b,  c,  d  are  particular  of  all  the  items  that  come  from  a 
homogeneous  population  (e.g.  items  in  a  product  line).  Consequently,  in 
systems  where  forecast  models  are  available  and  currently  used,  the 
variance  law  can  be  established  by  regression  by  families  of  items  and 
stored  in  the  data  base.  When  products  with  no  history  are  introduced, 
first  an  initial  forecast  is  generated  and  then,  from  the  appropriate 
variance  law,  the  initial  estimate  of  the  variance  of  the  forecast  errors 
can  be  obtained. 

For  safety  stock  calculations  one  needs  an  updated  forecast  of  the 
standard  deviation  of  the  errors  oT  for  the  upcoming  period  T;  this  is 


a  i 
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given  by: 

(95)  0T  =  /"(MSE)t 

In  earlier  treatments  of  forecasting  the  standard  deviation  of  errors 
was  estimated  by  multiplying  the  mean  absolute  deviation  by  a  factor  of 
1.25  (Brown  [1963,  ch.  19],  Montgomery  and  Johnson  [1976,  ch.  7]).  The 
mean  absolute  deviation  was  updated  by  simple  exponential  smoothing. 

(MAD)T  -  I Ex_1 I  +  (l-ak) (MAD)T_1 

where  (MAD)T  is  the  mean  absolute  deviation  (i.e.,  the  average  value  of  the 
absolute  forecast  error)  updated  at  the  end  of  period  T-l.  For  initializa¬ 
tion  of  the  smoothing  equation,  see  Montgomery  and  Johnson  [1976,  ch.  7-4], 
is  the  smoothing  constant  corresponding  to  a  k-term  model. 

Even  though  the  procedure  in  only  an  approximation,  it  was  initially 
used  because  it  held  computational  advantages  relevant  at  the  time  when 
computing  equipment  was  still  in  an  incipient  stage  (it  avoids  storing 
numbers  with  numerous  digits  resulting  from  squaring  observed  errors, 
and  it  does  not  involve  extracting  square  roots) .  Later,  then,  it  became 
rooted  aa  a  tradition  in  the  literature  and  in  the  computerized  inventory 
systems.  However,  with  the  new  power  acquired  by  the  large  modern 
computers,  the  quest  for  this  sort  of  computational  simplicty  is  no  longer 
justified  and,  therefore,  the  more  accurate  procedure  based  on  MSE  calcula¬ 
tions  may  be  adopted. 

3.3.2  Errors  in  Forecasting  Over  Lead  Times 

A 

The  value  of  provides  a  measure  of  the  accuracy  of  the  one  period 
demand  forecast.  As  mentioned  earlier,  however,  our  interest  is  to  fore¬ 
cast  the  demand  over  the  lead  time  and,  therefore,  it  is  the  dispersion 
of  the  forecast  error  over  the  lead  time  which  is  significant  to  measure. 


. . ..  ** 
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When  the  lead  time  is  known  with  certainty,  encompassing  £  periods, 

A 

the  estimated  standard  deviation  (°^)j  of  the  forecast  errors  over  the  lead 
time  is  expressed,  in  most  practical  applications,  in  terms  of  the  updated 
standard  deviation  estimate  of  the  one  period  errors. 

By  definition: 


(96) 


where: 


l-l  m  £-1 

(Vt  "  x^0  ft+t,[t-U  "  T^0  Vt 

£-i 

Tf0  (FT-K,[T-1)  “  AT+t) 


FT-K,[T-1] 


the  cumulative  forecast  error  over  an  £  period  lead  time 
extending  from  period  T  through  period  T+£-l 
demand  forecast  for  period  T+r  made  at  the  end  of  period 
T-l 


»  actual  demand  during  period  T+t. 

If  all  noise  samples  e are  serially  independent  (i.e.,  demands  in 
nonoverlapping  time  periods  are  independent)  ^  and  A^,+t  are  also 

independent  because  ^  ^  is  based  on  demand  outcomes  up  to  and 

including  period  T-l  and  is  independent  of  the  demand  in  any  other 

time  period.  Therefore: 


<97)  (“t’l  ■  v“  (T^0  rm,lT-l]  )  +  toe 

Equation  (97)  shows  that  the  variation  in  the  cumulative  forecast 
error  comes  from  two  sources:  the  variation  in  the  forecast  resulting  from 
noise  samples  in  the  observations  before  period  T,  and  the  noise  that 


Estimate  (Sfc)T  is  computed  at  the  end  of  period  T-l  and  refers  to  a  lead 
time  of  length  £  spanning  periods  T,  T+l,  ...,  T+£-l. 
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affects  the  true  process  throughout  the  lead  time.  We  should  observe  that 
even  though  the  cumulative  forecast  over  the  lead  time  is  the  sum  of 
SL  period  forecasts,  the  cumulative  forecast  variance  is  not  the  sum  of 
the  period  forecast  variances.  The  reason  is  that  all  forecasts  f^.+T  ^ 
are  based  upon  the  same  demand  information  and  therefore  are  serially 
correlated. 

To  illustrate  let  us  consider  the  constant  demand  pattern  (Figure  10a) 
for  which  the  forecasting  is  done  with  the  exponential  smoothing  model  (60)  : 

F?  '  «i-i + 


Forecast  F^  is  also  the  forecast  for  every  period  of  the  lead  time. 
By  (61)  and  for  a  large  enough  T: 


F?  ■  t  £ 6  v 

The  variance  of  the  forecast  is  then: 
Var[F^]  =  (B2+B4+B6+...)0 

Var^l  "  1+B  °e 

The  cumulative  forecast  is: 


2 

e 


Hence, 
By  (97) 


*-l  k  *-l  u 

E  F*  -  E  F“ 

t=0  T+t,[T-1]  t=q  T 


the  variance  of  the  cumulative  forecast  is  l2  ttq"  o2 • 

l+p  e 

the  variance  of  the  forecast  error  over  the  lead  time  is 


given  by: 

(98)  <o4)2  - 

Table  1  lists  the  values  of  (f.2  -r— r  +  l)  for  four  levels  of  the  smooth- 

l+p 

constant  a. 


,^■1' 
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Table  1:  Variance  of  the  cumulative  forecast  error  as  a  function  of 


O*  for  the  constant  demand  pattern 


Lead  Time 
l 

a=0. 3 

a-0.2 

a=0.1 

a=0.05 

■ 

1 

1.1765 

1.1111 

1.0526 

1.0256 

2 

2.7059 

2.4444 

2.2105 

2.1026 

3 

4.5882 

4.0000 

3.4737 

3.2308 

4 

6.8235 

5.7778 

4.8421 

4.4103 

5 

9.4118 

7.7778 

6.3158 

5.6410 

6 

12.3529 

10.0000 

7.8947 

6.9231 

7 

15.6471 

12.4444 

9.5789 

8.2564 

8 

19.2941 

15.1111 

11.3684 

9.6410 

9 

23.2941 

18.0000 

13.2632 

11.0769 

10 

27.6471 

21.1111 

15.2632 

12.5641 

11 

32.3529 

24.4444 

17.3684 

14.1026 

12 

37.4118 

28.0000 

19.5789 

15.6923 

In  order  to  use  Table  1  one  has  to  have  an  estimate  of  the  noise 
variance  o*.  First  we  recall  that  the  mean  square  error  is  an  estimate 
of  the  one  period  forecast  error  variance: 

(99)  3*  -  (MSE)t 


Then,  (98)  provides  the  relationship  between  a*  (make  E=0)  and 
0*  in  the  following  form: 


(100) 


where  constant  c^  is  found  in  the  first  line  of  Table  1. 

An  estimate  of  oi  can  be  obtained  by: 

e 


(101) 


(mse)t 

C1 


As  mentioned  earlier,  however,  it  is  customary  to  compute  the  standard 
deviation  (°j)T  of  the  cumulative  forecast  error  in  terms  of  the  standard 
deviation  Oj  of  the  one  period  errors.  The  relationship  can  be  expressed 
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by  a  coefficient  d^: 


dl  - 


«Vt 


Coefficients  d^  are  given  in  Table  2  for  various  values  of  the 
smoothing  constant. 

Table  2:  Standard  deviation  of  the  cumultative  forecast  error  as  a 

function  of  0T  for  the  constant  demand  pattern 


Lead  Time 
l 


a=0.3 

a=0.2 

a=0.1 

a=0.05 

1.0000 

1.0000 

1.0000 

1.0000 

1.5166 

1.4832 

1.4491 

1.4318 

1.9748 

1.8974 

1.8166 

1.7748 

2.4083 

2.2804 

2.1448 

2.0736 

2.8284 

2.6458 

2.4495 

2.3452 

3.2404 

3.0000 

2.7386 

2.5981 

3.6469 

3.3466 

3.0166 

2.8373 

4.0497 

3.6878 

3.2863 

3.0659 

4.4497 

4.0249 

3.5496 

3.2863 

4.8477 

4.3589 

3.8079 

3.5000 

5.2440 

4.6904 

4.0620 

3.7081 

5.6391 

5.0200 

4.3128 

3.9115 

A  similar  sort  of  analysis  can  be  conducted  for  any  forecasting  model; 

the  algebra,  however,  tends  to  become  very  tedious.  The  general  exponential 

smoothing  approach  mentioned  earlier,  having  been  developed  in  matrix  form 

offers  the  important  advantage  of  a  systematic  way  of  proceeding  through 
* 

the  computations. 

Thus,  for  the  linear  trend  model  Afc  "  a+bt+et  general  exponential  smooth¬ 
's 

General  exponential  smoothing  is  not  reproduced  here  since  the  Interested 
reader  can  find  its  full  development  in  a  number  of  references  like  Brown 
[1963],  Montgomery  and  Johnson  [1976],  Johnson  and  Montgomery  [1974], 
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ing  (which  in  steady  state  yields  the  same  coefflceints  as  double  exponen¬ 
tial  smoothing)  leads  to  the  following  variance  of  the  cumulative  forecast 


■  > [T-l]) 


Var  \JL  FT+t.IT-1]/  =  "  +  4(i-62)A  +  aFK 

T-U  2' 

where  F*^.  ^  ^  Is  the  forecast  for  period  T+x  made  at  the  end  of  period 
T-l,  and  denotes  the  smoothing  constant  to  be  used  in  the  two  coefficient 
forecasting  model.  By  (97)  one  can  compute  the  variance  of  the  cumulative 
forecast  error: 


j*2  -—-^—3  [5(1+2B,+B5)  +  4(1-B*H  +  a|t2]  +  *!  a 2 
(  2(1+6-) 3  22  2  2  )  e 


From  the  above  equation  it  is  apparent,  as  it  also  was  in  the  case 
of  the  constant  demand  pattern,  that  the  variance  of  the  cumulative 
forecast  error  is  linearly  related  to  the  variance  of  the  noise.  This 
holds  true,  in  general,  for  forecasting  models  of  any  complexity  if 
general  exponential  smoothing  procedures  can  be  applied.  If  c^  stands  for 
the  proportionality  coefficient,  then: 


(ot)2 


Table  3  shows  the  values  of  c^  for  the  linear  trend  model  for  various 
combinations  of  lead  times  and  smoothing  constants,  and  Table  4  contains 
the  standard  deviation  of  the  cumulative  forecast  error  (o^)^  as  a  function 
of  the  standard  deviation  0^,  of  the  one  period  error.  The  smoothing  constant 
a2  conforms  to  relation  (91): 


Simple  smoothing 
constant 

0.3 

0.2 

0.1 

0.05 

Equivalent  smoothing 
constant  <*2 

0.16334 

0.10557 

0.05132 

0.02532 
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Table  3:  Variance  of  the  cumulative  forecast  error  as  a  function  of  o* 

for  the  linear  trend  pattern 


Lead  Time 
i 

1 

a2=0. 10334 

a2=0. 10557 

a2=0. 05132 

a2=0. 02532 

2 

1 

1.2385 

1.1456 

1.0672 

1.0324 

2 

3.0215 

2.6083 

2.2746 

2.1309 

3 

5.4566 

4.4285 

3.6307 

3.2975 

4 

8.6597 

6.6487 

5.1445 

4.5342 

5 

12.7554 

9.3133 

6.8251 

5.8432 

6 

17.8765 

12.4691 

8.6817 

7.2264 

7 

24.1644 

16.1646 

10.7239 

8.6861 

8 

31.7688 

20.4506 

12.9614 

10.2242 

9 

40.8479 

25.3801 

15.4041 

11.8432 

10 

51.5684 

31.0078 

18.0624 

13.5449 

11 

64.1054 

37.3908 

20.9466 

15.3319 

12 

78.6425 

44.5882 

24.0672 

17.2061 

Table  4:  Standard  deviation  of  the  cumulative  forecast  error  as  a  function 


of  for  the  linear  trend  pattern 


Lead  Time 
l 

1 

a2=0. 16334 

a2=0. 05132 

a2=0. 02632 

■ 

1 

1.0000 

1.0000 

1.0000 

1.0000 

2 

1.5619 

1.5089 

1.4599 

1.4367 

3 

2.0990 

1.9661 

1.8445 

1.7872 

4 

2.6443 

2.4091 

2.1956 

2.0957 

5 

3.2092 

2.8512 

2.5289 

2.3790 

6 

3.7992 

3.2991 

2.8521 

2.6457 

7 

4.4171 

3.7563 

3.1699 

2.9006 

8 

5.0647 

4.2251 

3.4849 

3.1470 

9 

5.7430 

4.7068 

3.7992 

3.3870 

10 

6.4527 

5.2026 

4.1139 

3.6222 

11 

7.1945 

5.7130 

4.4302 

3.8537 

12 

7.9686 

6.2387 

4.7488 

4.0824 

From  Inspecting  Tables  1-4  it  is  apparent  that  with  smaller  smooth¬ 
ing  constants  the  effect  of  the  variance  of  the  cumulative  forecast  is 
diminished,  and  the  variance  of  the  cumulative  error  is  dominated  by  the 
accumulated  noise.  Thir  is  to  say  that  along  with  the  reduction  in  the  serial 
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correlation  of  demand  forecasts  over  the  lead  time,  coefficient  c^  tends 
toward  the  limiting  case  Cj  a  l,  or  =  ^ 

As  mentioned  at  the  beginning,  the  above  results  depend  on  exact 
independence  of  the  random  variation  in  demand.  However,  in  reality  one 
can  expect  to  find  some  (unknown)  serial  correlation  in  the  noise,  which 
makes  the  variation  of  the  cumulative  forecast  error  depend  on  lead  time 
somewhat  differently  than  inferred  from  the  previous  theoretical  results. 
However,  the  qualitative  findings,  like  the  impact  of  the  smoothing 
constant  on  the  serial  correlation  of  the  forecasts,  will  still  stay  valid. 

Empirically,  the  following  expression  has  been  found  to  give  a  fairly 
accurate  representation  in  many  inventory  systems: 

(103)  (o£)t  =  l\ 

where  B  is  a  power  that  expresses  the  relationship  between  the  cumulative 
forecast  error  and  the  duration  of  the  lead  time.  B  is  a  constant  charac¬ 
teristic  of  all  items  that  come  from  a  homogeneous  population,  like  items 
in  a  product  line,  and  can  be  obtained  by  regression.  Experience  shows 
that  for  most  demand  behavior  B  lies  between  0.5  and  1.0.  Notice  that 
B=0.5  is  the  limiting  case  which  implies  that  the  one  period  forecast 
errors  are  independent  random  variables. 

For  practical  inventory  control  purposes  the  theoretical  results  can 
also  be  approximated  quite  well,  in  the  range  1  <_  i  <_  12,  by  the  following 
linear  function  (Brown  [1967,  p.  144]): 

(104)  <ot)T  -  (0.659  +  0.34U)aT 

For  comparison.  Figure  14  presents  the  variation  of  the  [ (o^)^] / [o^] 
ratio  with  lead  time  l.  Brown's  function  (104)  approximates  fairly  well 
the  theoretical  results  dervied  for  the  constant  demand  process  (see 
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Figure  14:  Theoretical  and  empirical  functions  for  the  standard  deviation 

of  the  cumulative  forecast  error 

Table  2)  with  a  moderate  smoothing  constant  a  =  0.1  (the  approximation 
is  equally  good  for  the  linear  trend  pattern) .  The  limiting  case 
(Ojj)t  =  v^a  .j,  is  also  shown.  As  the  powei  of  £  is  increased  (£’^  in 
Figure  14)  relation  (103)  can  be  used  to  reflect  the  effect  of  the 
serial  correlation  of  th.'  forecasts  upon  the  variation  of  the  cumulative 
forecast  errors. 

When  lead  times  are  variable,  forecasting  should  be  done  per  lead 
time  directly  rather  than  by  period,  and  then  accumulated.  The  errors 
over  the  lead  time  can  be  measured  and  the  mean  square  error  can  be  updated 
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by  (94)  to  obtain  estimates  of  the  standard  deviation  of  the  errors. 
Starting  values  in  the  smoothing  equation  (94)  can  be  produced  by  use 
of  the  variance  law  applied  to  the  demand  forecast  for  the  upcoming  lead 
time. 

3.4  Forecasting  Slow  Moving  Items 

Slow  moving  items  are  those  which  have  a  low  level  of  demand  ?nd 
frequent  periods  of  no  usage.  It  is  difficult  to  define  a  threshold 
above  which  an  item  would  be  classified  as  a  fast  mover  and  below  which 
as  a  slow  mover  mainly  because  the  threshold  depends  on  the  nature  of 
the  item:  what  would  be  low  demand  (in  units)  for  some  item  might  very  well 
represent  a  high  demand  for  some  other  item.  In  any  case,  it  seems  very 
unlikely  that  the  separation  point  between  high  and  low  usage  should  ever 
be  higher  than  100  units  per  year  and  more  likely  should  be  around  50  units 
per  year.  Peterson  and  Silver  [1979]  recommend  classifying  items  according 
to  their  demand  over  the  replenishment  lead  time:  an  expected  lead  time 
demand  of  10  units  or  larger  puts  the  item  in  the  fast  movers'  class, 
while  an  expected  lead  time  demand  of  less  than  10  units  defines  a  slow 
mover .. 

Slow  moving  items  tend  to  exhibit  a  lumpy  demand  pattern;  thus,  there 
may  be  several  consecutive  periods  in  which  there  is  no  demand  at  all, 
followed  by  one  or  several  periods  during  which  transactions  of  various 
sizes  take  place.  Of  course,  not  all  lumpy  demand  items  are  slow  movers 
and  not  all  slow  movers  have  lumpy  demand.  In  assembly  operations  most 
component  parts  present  lumpy  requirements  induced  by  the  batch  type 
production  normally  encountered  in  manufacturing;  this  does  not  mean, 
though,  that  all  those  parts  are  slow  movers.  Conversely,  some  very 
specific  foodstuff  carried  by  a  supermarket  and  purchased  by  the  members 
of  an  ethnic  community  might  exhibit  continuous  sales,  but  in  small  overall 
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amounts;  thus,  that  foodstuff  can  be  a  slow  mover  without  having  a  lumpy 
demand . 

In  this  section  we  are  interested  in  slow  movers  with  lumpy  demand, 
since  the  discontinuities  in  requirements  make  forecasting  methods  presented 
before  become  inappropriate.  Indeed,  if  ordinary  exponential  smoothing 
is  used,  demand  forecasts  will  tend  to  be  much  lower  than  the  average 
demand  per  period  at  the  time  an  order  is  received,  and  much  higher  than 
the  average  demand  just  after  an  order  has  been  received.  This  tends  to 
increase  the  forecast  errors. 


To  illustrate,  consider  a  very  simple  case  in  which  every  third 

period  a  demand  of  size  s  occurs.  If  an  exponential  smoothing  forecasting 

model  is  used,  after  the  initial  conditions  wear  off  it  will  produce  demand 

forecasts  according  to  a  cyclical  pattern  repeating  every  3  periods.  Let 

period  zero  be  the  period  in  which  demand  occurs.  Then,  F„  or  F,  ,  is 

0  before 

the  demand  forecast  made  one  period  earlier  for  period  zero  (we  denoted 
it  ore  to  show  that  the  forecast  was  produced  before  the  demand 
transaction  of  size  s  took  place). 


At  the  end  of  period  zero,  a  forecast  F^  of  Fafter  is  made  for  period 

1  by  exponential  smoothing  with  constant  a  (we  called  in  F  ,  as  opposed 

at  ter 

to  Fbefore): 


after 


(l-a)F 


before 


At  the  end  of  period  1,  with  no  demand,  we  forecast: 


The  graphical  representation  of  Figure  15  shows  the  cyclical  pattern 


of  forecasts  for  a  =  .2.  For  this  value  of  the  smoothing  constant  one 
obtains: 

F.  f  -  s  =  0.262s 

before  l-(l-a)3 

F,  =  0.41s 


F2  -  0.328s 


Figure  15: 


Cyclical  pattern  of  exponential  smoothing  for  a  lumpy  demand 
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In  order  to  establish  whether  an  item  is  lumpy  or  not,  Brown  [1977, 
ch.  12.3]  suggests  the  following  procedure:  a  forecast  model  is  fit  and 
then  simulated  over  historical  data.  The  residual  differences  between 
the  data  and  the  model  are  recorded  and  their  standard  deviation  is 
calculated.  If  that  standard  deviation  is  greater  than  the  level  in  the 
forecast  model,  the  item  is  said  to  have  lumpy  demand. 

Various  forecasting  methods  have  been  proposed  for  slow  moving  items, 
ranging  from  simple  exponential  smoothing  to  more  elaborate  techniques. 
They  involve  different  system  costs,  and  to  choose  one  or  another  depends 
very  much  on  the  importance  and  value  of  the  controlled  item. 

3.4.1  Exponential  Smoothing  for  Slow  Moving  Items 

Since  any  one  period's  demand  carries  limited  information  and  also, 
as  a  way  of  eliminating  the  instability  of  the  forecast  (see  the  case  of 
Figure  15) ,  the  exponential  smoothing  should  be  conducted  with  very 
small  values  of  the  smoothing  constant  a,  say  between  0.01  and  0.05.  As 
small  values  of  a  imply  that  the  initial  conditions  used  to  start  the 
computations  carry  a  considerable  weight  for  a  long  time,  these  initial 
values  should  represent  the  average  usage  for  a  period  of  at  least  one 
year.  Simple  exponential  smoothing  (section  3.1.1)  should  be  employed 
because  the  high  level  of  noise  in  the  demand  of  slow  moving  items 
usually  obscures  any  sort  of  basic  pattern.  Therefore  it  does  not  make 
too  much  sense  trying  to  discern  trends  or  seasonal  variations. 

A  small  value  of  a  should  also  be  used  to  update  the  estimates  of  the 
mean  square  error  (see  3.3.1). 

Using  exponential  smoothing  for  slow  movers  is  essentially  the  same 
procedure  as  for  fast  moving  items.  This  could  constitute  an  important 
practical  advantage  for  the  implementation  stage. 


J. 
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3.4.2  Forecasting  the  Demand  Transaction  Size  and  the  Time  Between 
Transactions 

Croston  [1972]  argues  that  simple  exponential  smoothing  in  the  case 
of  Intermittent  demand  items  is  biased  and  has  a  rather  large  variance. 

He  proposes  that  the  two  components:  the  magnitude  of  individual  demand 
occurances  and  the  time  between  consecutive  transactions  be  forecast. 

Suppose  that  we  are  at  the  end  of  period  T,  during  which  a  demand  of 
size  S.J,  (possibly  zero)  has  been  observed.  The  time  elapsed  since  the 
last  transaction  is  p^  periods.  For  normally  distributed  demand  magnitudes, 
Croston  [1972]  proposes  the  following  forecasting  procedure: 

-  if  >  0  (i.e.,  in  period  T  a  demand  transaction  occurs),  the 
following  updating  is  performed: 

S[T]  “  asT  +  (l-cOs^j 
i*[T]  "  apT  +  (1-a)p[T-l] 

»  the  estimate,  at  the  end  of  period  T,  of  the  average  demand 
transaction  size 

«  the  estimated  number  of  periods  until  the  next  nonzero  demand 
occurance,  computed  at  the  end  of  period  T. 

=  0  (i.e.,  in  period  T  no  demand  occurs),  the  estimates  are  kept 
the  same  as  they  were  at  the  end  of  the  previous  period. 

The  procedure  yields  unbiased  estimates  and  a  variance  lower  than 
the  exponential  smoothing. 

The  updating  of  the  mean  square  error  is  done  only  in  those  periods 
in  which  a  nonzero  demand  occurs;  the  updating  is  by  exponential  smoothing 


(105) 

(106) 


where: 

a 


IT] 


[T] 


-  If  B 
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[see  Equation  (94)]. 

3.4.3  Alternative  Ways  of  Estimating  the  Parameters  of  Theoretical 
Probability  Distributions  of  Demand 
Because  of  the  relatively  fev  transactions  occuring  with  slow  moving 
items  during  a  year,  we  can  assume,  in  general,  that  the  probability 
distribution  of  demand  over  the  lead  time  is  fairly  stationary.  Based  on 
the  item's  history  or  on  some  initial  subjective  assessments,  we  can 
estimate  the  probability  distribution  of  demand  and  then  use  it  to  deter¬ 
mine  safety  stocks  and  order  points  (to  be  seen  later) . 

Empirically  the  Poisson  distribution  has  been  found  to  represent 
reasonably  the  distribution  of  demand  for  a  slow  moving  item.  The  Poisson 
distribution  is  completely  defined  by  a  single  parameter,  the  mean  value 
of  the  random  variable.  If  the  mean  value  is  X  and  the  standard  deviation 
O  ,  then: 

o  -  A 


For  a  slow  moving  item  let  the  random  Poisson  variable  be  the  lead 
time  demand.  At  each  receipt  of  replenishment  stock  the  estimate  of  the 
lead  time  demand  can  be  revised  by  exponential  smoothing: 


(107) 


(F*.)  =  cx(Ai.)  +  (l-a)(F«.) 

new  old 


where : 

'r,U 

At 


the  revised  forecast  for  the  lead  time  demand 
the  old  forecast  for  the  lead  time  demand 
actual  demand  during  the  lead  time  just  ended 
the  smoothing  constant. 


For  a  presentation  of  the  Poisson  distribution  and  its  properties,  see 
Hastings  and  Peacock  [1975]. 


W- 


* 


The  mean  square  lead  time  demand  (MS  )  can  also  be  updated  by  exponen¬ 


tial  smoothing  (Brown  [1977,  ch.  12]): 

(108)  (MSi)new  “  a(M)*  +  (1~a)  (MS*>0ld 

where,  again,  "new"  and  "old"  denote  the  revised,  respectively,  the  previous 
estimate. 

* 

The  standard  deviation  of  lead  time  demand  is  estimated  by: 

(109)  (STM)  =  /(MSL)new  -  <F*)*ew 

Another  possibility  is  to  estimate  the  expected  lead  time  demand  by 
an  average  (or  moving  average)  of  historical  lead  time  data;  similarly, 
the  standard  deviation  can  be  computed  from  actually  observed  data  rather 
than  from  smoothed  statistics. 

Peterson  and  Silver  [1979,  ch.  9]  recommend  that  lead  time  demand  be 
considered  Poisson  distributed  if: 

(110)  0. 9/(F£)  <_  (STD2.)  <  l.l/oFT) 

i.e.,  if  the  standard  deviation  is  within  10%  of  -J (Ff.)  .  When  (4.110)  is 
not  satisfied,  the  Poisson  model  is  inappropriate  and  the  Lap lance  distri¬ 
bution*  is  suggested  for  use.  The  Laplace  distribution  holds  the  advantage 
of  being  a  continuous  function  and  it  is  often  easier  to  work  analytically 
with  models  of  inventory  systems  if  the  variables  can  be  treated  as  continuous. 

This  allows  one  to  eliminate  the  problems  caused  by  discreteness  and  to  take 
derivatives  instead  of  working  with  differences. 

*  The  variance  O2  of  a  random  variable  x  can  be  computed  as: 

02  -  E(x2)  -  (E[x] ) 2 . 

The  Laplace  distribution  is  also  known  as  the  "bilateral  exponential" 

(Feller  [1971,  Vol.  II,  p.  49])  since  it  is  a  two-sided,  symmetric  exponen¬ 
tial  function.  Some  of  its  important  properties  are  shown  by  Peterson  and 
Silver  [1979,  p.  767]. 
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In  general,  the  Poisson  distribution  can  raise  computational  problems 
if  used  for  a  large  number  of  items.  Therefore,  Peterson  and  Silver 
recommend  the  use  of  the  Poisson  distribution  only  for  expensive  items, 
and  the  exclusive  use  of  the  Larlace  distribution  for  all  other  items  in 
inventory. 

The  test  by  relation  (110)  is  just  a  crude  and  simple  way  of  checking 
on  the  goodness  of  the  Poisson  assumption.  In  some  cases  distributions 
other  than  Poisson  and  Laplace  might  be  recommended;  for  instance,  demand 
transactions  can  be  generated  by  a  Poisson  process  while  the  number  of 
units  requested  when  a  demand  occurs  can  vary  randomly  from  demand  to  demand. 
Statistical  theory  provides  goodness  of  fit  tests  (see  Hoel  et  al.  [1971]) 
to  check  whether  a  sample  of  observed  lead  time  demands  are  likely  to 
have  been  generated  by  some  hypothesized  stochastic  process.  However, 
complicated  distributions  and  sophisticated  goodness  of  fit  tests  should 
be  used  with  extreme  caution;  normally  they  bring  about  an  increased  system 
cost  that  might  not  be  justified  unless  the  item  is  extremely  important 
or  expensive,  thus  presenting  the  opportunity  of  a  substantial  reduction 
in  overall  operating  costs  coming  from  an  improved  inventory  policy. 

When  a  new  item  is  introduced  on  the  system  or  when  adequate  data 
is  unavailable  to  estimate  the  probability  distribution  of  lead  time  demand, 
Bayesian  forecasting  can  be  resorted  to.  One  starts  out  with  some  prior 
assessments  in  the  form  of  a  probability  distribution  placed  over  the 
possible  values  of  one  or  several  parameters  that  define  the  stochastic 
process  generating  lead  time  demands.  As  new  data  become  available,  by 
observation  they  are  blended  with  prior  information,  by  use  of  Bayes'  rule, 

A  simple  case  of  such  a  demand  process  is  presented  by  Hadley  and  Whitin 
[1963,  ch.  3-7];  they  call  it  the  "stuttering  Poisson"  process,  in  which 
a  Poisson  distribution  generates  the  demands,  and  the  number  of  units 
requested  when  a  demand  occurs  has  a  geometric  distribution. 


to  revise  our  knowledge  about  the  uncertain  parameters.  The  interested 
reader  is  directed,  as  a  starting  reference,  to  the  book  by  Montgomery  and 
Johnson  [1976,  ch.  10]. 

3 . A . 4  Empirically  Determined  Probability  Distributions  of  I.ead  Time  Demand 
So  far  we  have  been  concerned  with  fitting  some  theoretical  distribution 
to  the  available  demand  data.  Consider  now  the  case  where  we  make  use  of 
an  empirically  determined  distribution.  To  keep  things  simple,  assume  that 
the  lead  time  is  a  constant  £.  If  a  demand  history  is  available,  divide 
it  into  nonoverlapping  time  intervals  of  length  £  and  establish  how  many 
units  have  been  requested  in  each  such  time  interval.  The  range  of  possible 
lead  time  demands  has  to  be  partitioned  into  a  number  of  n  classes  by  the 
following  class  limits: 

A£(0)  <  A£(l)  <  ...  <  A£ (n-1)  <  A£(n) 

where  A£  denotes  actual  demand  in  a  lead  time  interval  of  length  £.  The 
class  limits  should  be  set  so  that  each  observation  can  be  assigned  to  only 
one  class.  A  histogram  can  be  constructed  to  represent  the  frequency  with 
which  the  observed  lead  time  demands  are  falling  in  each  class.  The 
frequency  thus  determined  for  the  i-th  class,  having  limits  A£(i-1)  and 
A£(i),  i*l,...,n,  is  a  good  estimate  of  the  probability  p(i)  that  a  lead 
time  demand  will  lie  in  this  class  (Figure  16). 

If  no  adequate  history  is  available  one  should  start  with  some  initial 
subjective  prediction  (similar  to  the  Bayesian  prior  estimate)  of  the 
various  probabilities  p(i),  i”l,...,n. 

Brown  [1963,  ch.  13]  presents  a  very  simple  method  for  updating  probabi¬ 


lities  p(i)  as  new  data  become  available,  under  the  assumption  that  the 
probability  distribution  of  lead  time  demands  is  stationary  or  changing 
very  slowly  with  time. 


A*(0)  A£(2)  A£(4)  Ax(n-2)  A2(n)  .» 

AA(1)  A£(3)  AZ(n-l) 


Figure  16:  Empirical  density 


Thus,  suppose  that  a  time  interval  of  x  periods  has  just  concluded 


and  a  demand  of  At  units  has  been  recorded  such  that 


Ai(i-l)  <  PA  <  Ax (i) 


i.e.,  Ai.  lies  in  the  i-th  class. 


At  this  time  old  estimates  of  the  probabilities  p(i)  exist 


Pold(1) 


P_u(S) 


where  ,  is  the  nxl  column  vector  of  estimates, 

old 


Our  problem  is  to  revise  these  estimates  in  the  light  of  the  latest 


information.  To  do  this  define  first  the  following  function  of  Ax.: 
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(112) 


u(i) 


jl  if  Af. (i-1)  <  ML  <_  Ai(i) 
^0  otherwise, 


and  then  construct  the  n-component  column  vector 


u(l)' 

u(2) 


Lu(n)J 


The  element  of  fyt  whose  value  is  equal  to  1  shows  the  class  interval  in 
which  the  latest  recorded  actual  lead  time  demand  A£  has  fallen;  all  other 
elements  are  zero. 

The  blending  of  old  and  current  information  is  done  by  vector  smooth¬ 
ing  according  to  the  rule: 


(113)  ^ew  =  a^+  (l-a)^old 


where  a  is  the  exponential  smoothing  constant. 

Since  in  our  case  A£  lay  in  the  i-th  class,  the  updated  vector 

new 

has  the  following  components: 

(1)  =  (l-a)p  .  ,(1) 

rnewv  old 


(114) 


All  elements  of  &  are  nonnegative;  also,  from  (114)  it  follows 
new 
n 

that  £  p  (k)  =  1.  Therefore,  is  a  probability  vector. 

Jqs  j  new  new 

It  may  be  shown  that  the  exponential  vector  smoothing  yields  unbiased 
estimates  of  the  true  probabilities,  and  that  the  variance  of  the  forecast 
for  the  i-th  probability  is: 

(115)  Var  [f>new(i)  ]  =  ^  p  (i)  [1-p  (i)  ] 

From  (115)  it  is  obvious  that  in  order  to  reduce  the  variance  of 
the  forecast,  the  class  limits  should  be  set  so  that  p(i)  is  either  large 
(close  to  one)  or  small  (close  to  zero).  Since  in  most  cases  in  inven¬ 
tory  systems  the  right  tail  of  the  distribution  is  relevant  (to  be  seen 
later  when  safety  stocks  are  discussed).  Brown  recommends  that  near  the 
tail  class  limits  be  set  so  that  class  probabilities  result  in  very  small 
values  (of  the  order  of  0.02);  the  rest  of  the  distribution  can  be  consi¬ 
dered  one  event,  having  a  large  probability  (of  the  order  of  0.9). 

The  choice  of  the  smoothing  constant  a  goes  by  reasons  similar  to  the 
ones  put  forth  in  section  3.1.1.  If  the  probability  distribution  is 
believed  constant  in  time  and  the  initial  conditions  are  reliable,  a  small 
a  should  be  used  in  order  to  reduce  the  variance  of  the  forecast  and  thus 
obtain  a  more  stable  system.  Otherwise,  if  conditions  are  likely  to  change 
with  time  and  questionable  estimates  have  to  be  used  to  initialize  the 
forecasting  procedure,  a  larger  smoothing  constant  is  preferred  in  order 
to  discount  starting  values  faster  and  to  track  real  changes  closer. 

The  use  of  empirical  distributions  looks  straightforward  and  vector 
smoothing  is  rather  simple  to  apply.  However,  because  of  the  scarcity  of 
historical  data  that  plagues  many  inventory  systems  (especially  manual 
systems),  it  might  be  extremely  difficult  (if  not  utterly  impossible)  to 
reliably  represent  the  tail  of  the  distribution  for  the  purpose  of  setting 


order  points.  In  such  cases  the  only  way  out  is  to  use  a  theoretical 
distribution  whose  parameters  have  to  be  estimated  or  guessed  from  what¬ 
ever  information  can  be  put  together. 

j.5  Tracking  Signals  to  Monitor  the  Forecasts 

Through  the  use  of  unbiased  forecast  models  the  mean  of  the  forecast 
erros  should  be  zero  as  long  as  the  assumptions  on  which  the  forecast  is 
generated  are  valid.  Therefore,  so  long  as  the  model  and  the  demand 
generating  process  are  consistent  with  each  other  we  should  expect  the 
forecast  errors  to  fluctuate  within  reasonable  limits  around  zero.  However, 
if  the  process  changes,  thus  unvalidating  the  model,  the  forecast  errors 
will  tend  to  have  repeatedly  the  same  sign,  thus  moving  the  average  error 
away  from  zero.  In  such  cases  either  automatic  procedures  are  applied  to 
bring  the  system  in  line  with  the  changed  conditions  (see  references  on 
adaptive  control  smoothing,  section  3.1.1)  or  personal  intervention  is 
required  (to  be  discussed  later) . 

The  purpose  of  a  tracking  signal  is  to  detect  the  situation  where 
the  model  produces  biased  forecasts  and,  thus,  to  initiate  corrective 
action. 

The  technique  to  be  presented  in  this  section,  suggested  by  Trigg 
[1964]  and  called  the  smoothed  error  tracking  signal,  computes  the 
expected  forecast  error  by  simple  exponential  smoothing  and,  then,  tests 
the  hypothesis  that  this  value  is  zero.  If  the  hypothesis  is  rejected, 
this  constitutes  the  signal  that  the  forecast  model  is  biased. 

Suppose  that  a  forecast  model  with  k  coefficients  is  currently  in 

use,  and  we  are  at  the  end  of  period  T-l.  The  smooted  error  at  this 

point  in  time,  which  also  represents  the  error  forecast  for  the  upcoming 
_ 

An  alternative  technique  based  on  the  cumulative  forecast  error  was 
developed  by  Brown  [1959]  but  presents  weaknesses  that  make  it  non- 
recommended  for  use;  see  criticism  by  Brown  [1967,  p.  163]  himself. 


period  T,  is: 


«»T  ' 

error  forecast  (i.e.,  smoothed  error)  for  period  T,  computed 
at  the  end  of  T-l 

forecast  error  actually  observed  in  period  T-l  [for  defini¬ 
tion  see  Equation  (93)] 

smoothing  constant  corresponding  to  the  k  coefficient  model 
[see  Equation  (91)]. 

When  the  smoothing  process  is  started,  the  initial  value  of  the  smoothed 
error  in  (116)  is  set  to  zero;  this  reflects  our  assumption  that  the 
model  io  correct  and  that  the  initial  parameter  estimates  are  unbiased. 

If  the  forecasts  were  unbiased  one  would  expect  the  value  of  the 
smoothed  error  (SE)^  to  fluctuate  around  zero  with  a  constant  variance  °g£» 
The  derivation  of  a2g  involves  tedious  algebra  because  the  errors  are  not 
Independent  random  variables;  this  is  because  demand  forecasts  are  computed 
as  combinations  of  past  data  and,  therefore,  the  resulting  forecast  errors 
are  serially  correlated. 

For  an  exponentially  smoothed  constant  demand  model  Brown  [1967, 
p.  165]  derived  analytically  the  expression  for  the  variance  of  the  smoothed 
error: 

<117>  °SE  -  72^  °2 

where  O2  is  the  variance  of  the  forecast  errors,  and  a  is  the  simple  smooth¬ 
ing  constant  used  for  the  constant  demand  pattern.  As  a2  is  unknown,  an 
estimate  of  it  has  to  be  used.  At  the  end  of  period  T-l  the  estimate  is 
$T  -  (MSE)T  [see  equations  (94)  -  (95)];  consequently,  the  standard 


(116) 

where: 

(SE)„ 


*T-1  ' 
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deviation  of  the  smoothed  error  is  estimated  by: 

& 


(118) 


^SE^T 


(2-a)  ^^T 


In  the  case  of  forecast  models  with  a  larger  number  of  terms,  the 


only  practical  way  to  approach  the  estimation  of  a is  by  simulation. 


Brown  [1967,  ch.  12]  did  so  for  a  six  term  model  describing  trend  and 
seasonalities. 

Brown  [1977,  p.  156]  and  Montgomery  and  Johnson  [1976,  p.  166] 
suggest  that  the  result  given  in  equation  (118)  could  be  used  as  a 
reasonable  approximation  also  for  models  other  than  the  constant  demand 
pattern,  for  which  it  had  been  originally  developed. 

We  can  now  define  the  tracking  signal  for  period  T  as: 

(Sfc)„ 


(119) 


(TS). 


^SE^T 


The  tracking  signal  measures,  in  multiples  of  the  standard  deviation, 
how  far  removed  from  zero  is  the  updated  smooth  error.  The  tracking 
signal  is  considered  to  be  satisfactory  if  it  falls  between  two  limits 
-K  and  +K: 


(120) 


-K  <  (TS)t  £  K 


If  the  tracking  signal  is  outside  this  range,  this  should  be  an  indi¬ 
cation  that  the  forecast  is  unacceptably  biased  and  some  intervention  is 
required  to  correct  the  deficiencies. 

The  value  of  the  detection  limit  K  is  subject  to  management  policies; 
usually  it  is  between  2  and  5.  For  expensive  or  important  items  the  limits 
have  to  be  set  quite  tight  (i.e.,  K=2)  to  be  sure  that  real  changes  are 
detected  early  in  their  development;  in  this  case,  however,  one  has  also 
to  accept  the  risk  of  getting  a  few  false  alarms  when  some  unlikely  (but 
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possible)  large  errors  trigger  the  signal,  but  nothing  has  really  happened. 
For  cheap  items,  where  the  processing  of  false  reports  might  constitute 
an  unacceptable  system  cost  in  view  of  the  low  value  of  the  items,  the 
limits  should  be  set  wider  so  that  when  the  tracking  signal  triggered,  it 
would  be  very  likely  that  some  real  problems  have  taken  place.  Low  cost 
items,  that  normally  do  not  entail  close  management  attention,  can  be 
protected  against  stockouts  by  large  safety  stocks  since  inventory  invest¬ 
ment  is  insignificant.  Therefore,  even  if  a  real  change  in  the  demand 
pattern  has  gone  on  for  a  while  before  triggering  the  signal,  the  safety 
stock  might  still  prevent  a  shortage  from  occuring. 

Certainly,  the  limits  can  be  changed  any  time  during  the  operation  of 
the  system.  If  there  are  too  many  reports,  the  limits  can  be  widened;  if, 
on  the  contrary,  it  turns  out  that  the  system  is  too  slow  in  detecting  real 
changes,  they  can  be  set  tighter. 

4  Safety  Stock  Decision  Rules 

In  an  inventory  system  whenever  the  available  inventory  reaches  a 
certain  level,  called  the  order  point,  a  production  or  purchasing  order, 
depending  on  whether  the  item  is  manufactured  or  purchased,  should  be 
released.  By  available  inventory  we  mean  the  sum  of  the  stock  on  hand 
and  the  stock  already  on  order,  less  any  unfilled  customer  demand  (if 
it  had  been  backlogged) . 

The  order  point  should  represent  sufficient  inventory  to  last  through 
the  lead  time.  When  demand  is  uncertain  (as  it  is  in  most  cases),  it  is 
obvious  that  the  order  point  should  be  set  equal  to  the  forecast  of  the 
maximum  reasonable  demand  over  the  lead  time.  One  way  of  estimating  the 
maximum  reasonable  demand  is  to  forecast  the  expected  demand  during  the 
lead  time  (see  section  3.2)  and  then  to  add  an  allowance  for  protection 
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against  the  uncertainty  inherent  in  any  forecast.  This  allowance  is  called 
the  safety  stock. 

The  setting  of  safety  stocks,  order  points,  and  other  parameters  of 
the  inventory  system  should  conform  to  the  characteristics  of  the 
controlled  items  (usage  rate  and  cost) .  Some  items  are  expensive  or  are 
considered  very  important  and,  therefore,  we  like  to  devote  more  careful 
and  close  attention  to  them,  while  low  cost  products  are  dealt  with  on 
a  rather  routine  basis.  From  a  technical  point  of  view,  inventory  control 
procedures  that  are  adequate  to  manage  high  usage  items,  do  not  work 
satisfactorily  with  low  usage  items  and  vice  versa  (we  have  already  made 
this  distinction  when  we  differentiated  between  forecasting  for  fast 
movers  and  for  slow  movers).  For  these  reasons,  inventory  items  have  to 
be  classified  into  groups  that  should  be  homogeneous  with  respect  to  the 
control  procedures  that  apply.  Since  investment  in  the  inventory  of  any 
given  item  is  proportional  to  two  of  the  item's  most  important  character¬ 
istics,  the  item's  usage  and  its  cost,  a  commonly  us.ed  method  of  classifi¬ 
cation  is  the  so-called  ABC  inventory  classification  according  to  the  annual 
dollar  usage. 


4.1  The  ABC  Inventory  Classification 

The  annual  dollar  usage  is  obtained  by  multiplying  the  yearly  usage 
of  the  item  by  its  unit  cost.  Observations  of  a  large  number  of  multi¬ 
item  inventories  have  revealed  that  a  small  fraction  of  the  items  accounts 
for  a  high  percentage  of  the  cumulative  annual  dollar  usage  while  another 
large  percentage  of  the  items  represent  only  a  small  fraction  of  the  total 
annual  value.  This  suggests  to  classify  the  items  into  three  categories, 
called  A,  B,  and  C. 

We  present  an  example  to  illustrate  how  the  classification  is  constructed 
as  well  as  some  of  its  features. 
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Suppose  that  we  are  manging  an  inventory  of  3000  items  and,  because 
the  system  is  not  computerized,  it  would  be  too  costly  to  consider  every 
single  record  for  analysis.  Therefore  we  decide  to  use  a  1  percent  random 
sample,*  by  picking  every  one  hundredth  stock  record;  from  every  record 
the  annual  dollar  usage  is  read  and  listed  in  descending  sequence.  Assume 
that  the  sample  is  as  shown  in  Table  5. 


Table  5:  The  1  percent  random  sample 


Item 

number 

Annual  dollar 
usage 

Item 

number 

Annual  dollar 
usage 

Item 

number 

Annual  dollar 
usage 

1 

334,369 

11 

15,835 

21 

1,405 

7. 

189,094 

12 

11,271 

22 

1,451 

3 

53,104 

13 

6,634 

23 

1,394 

4 

49,514 

14 

6,374 

24 

863 

5 

43,045 

15 

5,324 

25 

788 

6 

33,860 

16 

4,964 

26 

384 

7 

26,903 

17 

3,533 

27 

221 

8 

26,370 

18 

3,134 

28 

189 

9 

18,215 

19 

2,143 

29 

122 

10 

17,501 

20 

1,926 

30 

84 

To  simplify  the  analysis,  we  group  the  sampled  items  by  annual  usa«e 
intervals,  and  then  compute  cumulative  percentages  as  in  Table 

From  Table  6  it  is  immediately  apparent  that  there  are  a  few  items 
(10%  of  total  inventory)  that  account  for  the  most  substantial  portion  of 
the  total  annual  dollar  usage  (about  67%);  these  are  class  A  items. 

At  the  other  extreme  there  is  a  large  group  (60%  of  all  items)  which 
contributes  a  very  small  percentage  (about  5%)  to  the  total  annual  usage; 
these  are  class  C  items. 

The  intermediate  group,  class  B  items,  is  more  balanced  in  that  it 

* 

As  it  becomes  clear  later,  all  we  need  are  percentage  distributions.  As 
we  believe  the  sample  to  be  representative  of  the  entire  inventory  ponu- 
lation,  the  sample  percentages  will  be  used  as  estimates  of  the  population 
percentages. 


100  and  less  1  30  10.00  84  860,004  100.00 
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contains  a  fairly  large  number  of  items  (3011)  and  also  represents  an 
Important  proportion  of  total  annual  usage  (about  283!) . 

Although  the  break  points  between  these  classes  vary  according  to 
each  individual  business  conditions  a  common  breakdown  might  he  as  follows: 

Percentage  of  total 
Class  Percentage  of  items  annual  dollar  usage 

A  5-15  50-60 

B  20-30  25-40 

C  55-75  5-15 

In  highly  technological  industries,  such  as  computer  or  aircraft  produc¬ 
tion,  class  A  tends  to  have  percentagewise  very  few  items  while  producing 
a  large  share  of  total  annual  sales.  In  contrast,  inventories  of  consumer 
products  at  the  retail  level  have  a  more  numerous  A  class,  i.e.,  it  takes 
a  larger  portion  of  items  to  provide  the  same  large  fraction  of  total 
annual  sales.  Industrial  producers  are  in  an  intermediate  position. 

If  the  cumulative  fraction  of  total  annual  usage  is  represented  against 
the  cumulative  percentage  of  items,  the  points  follow  a  Pareto  curve 
(Figure  17) . 

An  alternative  way  of  plotting  the  data  in  Table  6  is  to  use  a 
hoirzontal  axis  representing  the  natural  logarithms  of  the  annual  dollar 
usages,  and  a  vertical  axis  with  a  normal  probability  ruling  (lognormal 
graph  paper).  Two  curves  are  graphed:  cumulative  fraction  of  items  vs. 
annual  usage,  and  cumulative  fraction  of  total  annual  usage  vs.  annual 
usage  (Figure  18).  Each  set  of  points  falls  nearly  along  a  straight 
line  (the  solid  lines  in  Figure  18) *  which  means  that  the  annual  dollar 
usages  in  our  inventory  have  a  lognormal  distribution. 

The  two  lines  in  Figure  18  are  parallel,  and  their  properties  can 
be  derived  from  the  fact  that  they  are  lognormal  cumulative  distribution 


Cumulative  percentage  of  total  annual  usage 


Figure  17:  Pareto  curve  of  an  ABC  classification 

functions  (Hastings  and  Peacock  [1975],  Brown  [1959,  Appendix  C]).  For 

instance  line  tells  us  that  the  items  with  an  annual  dollar  usage 

exceeding  $50,000  represent  10%  of  the  total  inventory.  Similarly, 

according  to  line  ,  the  items  whose  annual  dollar  usage  is  over  $2000 

contribute  98.97%  to  the  total  annual  usage. 

It  is  in  general  true  for  all  industries  that  the  annual  dolar  usage 

* 

across  an  inventory  of  items  is  lognormally  distributed.  If  an  inventory 
_ 

Brown  [1977,  ch.  9.1]  shows  that  not  only  usage  in  terms  of  cost  or  selling 
price  is  lognormal,  but  other  inventory  related  values  as  well,  such  as: 
material  cost,  cubic  feet  of  warehousing  space,  weight,  etc. 
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Figure  18:  Percentage  distributions  vs.  annual  usage 


is  nonhomogeneous  (i.e.,  it  contains  two  or  more  separate  inventory  popula¬ 
tions),  each  population  has  its  own  lognormal  distribution  curves.  For 
Instance,  in  Figure  18  the  two  dashed  parallel  lines  represent  a  different 
group  of  items  than  the  inventory  sample  in  Table  5  and  described  by  the 
solid  lines  and  This  sort  of  stratification  in  an  inventory  is 


Important  because  each  separate  population  may  requite  different  inventory 
management  and  marketing  policies. 


An  alternative  way  of  plotting  the  distrbution  is  to  graph  the  cumula¬ 
tive  percentage  of  total  annual  usage  against  the  cumulative  percentage  of 
iterus,  using  two  axes  both  with  normal  probability  scales.  Given  that 
the  two  cumulative  distribution  lines  in  Figure  15  are  parallel,  the  new 
graph  results  in  another  line  with  a  45°  slope  (Figure  19).  Both  inven¬ 
tory  populations  of  Figure  18  are  represented  in  Figure  19  with  a  solid 
line  and,  respectively,  a  dashed  line. 
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figure  19:  Dollar  usage  vs.  fraction  of  items  for  two  inventory  poDulations 


Thus,  whenever  the  attempt  to  draw  a  45°  lj.ne  through  the  scatter  of 


points  like  in  Figure  19  results  in  a  bad  fit,  we  would  suspect  the 


existence  of  more  than  one  inventory  population;  it  might  also  mean  that 


the  distribution  is  not  lognormnl  which  is,  however,  unlikely.  A  careful 


Investigation  should  reveal  the  causes  for  such  an  occurrence 


4.2  Safety  Stocks  for  Fast  Moving  Items 


As  mentioned  earlier,  when  demand  is  uncertain  the  order  point  has 


to  be  set  such  as  to  provide  sufficient  stock  to  meet  any  reasonable  demand 


Maximum  Reasonable  Demand  During  Lead  Time 


Order  Point 


(Demand  Forecast  Over  Lead  Time)  +  (Safety  Stock) 


Since  the  value  of  the  standard  deviation  O0  of  the  forecast  errors 


over  the  lead  time  provides  a  measure  of  the  accuracy  of  lead  time  demand 


forecasts,  it  is  generally  accepted  the  approach  by  which  the  safp^y  stock 


SS  is  related  to  a.  through  a  multiplying  factor  k,  called  safety  factor 


Thus,  an  inaccurate  forecast  exposes  us  to  a  higher  risk  of  running 


out  of  stock  during  the  lead  time;  at  the  same  time,  however,  it  is  reflected 


in  an  increased  0.  which  leads  to  a  larger  safety  stock  as  protection 


In  a  periodic  review  system  (to  be  seen  later) ,  where  inventory  decisions 
are  made  at  fixed  intervals,  intervals  called  review  periods,  the  concept 
of  lead  time  has  to  be  enlarged  to  include  not  only  the  replenishment 
lead  time  but  also  one  review  period.  This  is  necessary  because,  after 
an  inventory  decision  has  been  made,  the  next  opportunity  to  influence 
the  stock  level,  and  thus  avert  a  possible  stockout,  appears  only  after 
a  review  period  (when  the  new  decision  is  made) ,  plus  a  replenishment 
lead  time  (when  the  order  actually  arrives). 

When  it  comes  to  actually  computing  safety  stocks,  an  estimate  of  is 
needed.  If  we  are  at  the  end  of  period  T-l,  beginning  of  period  T,  the 
most  recently  updated  estimate  is  (Oj,)-j.  (see  section  3.3.2)  and  the 
safety  stock  for  the  f-period  lead  time  starting  with  period  T  is: 
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against  the  risk. 

We  should  mention  that  throughout  the  development  of  the  safety  stock 
decision  rules  we  make  the  assumption  that  the  average  demand  is  a  constant 
or  is  changing  very  slowly  with  time;  this  ensures  the  stability  of  the 
order  point  with  time.  The  issue  of  time-varying  uncertain  demand  patterns 
is  postponed  to  a  later  section.  We  also  consider  the  lead  time  to  be 
constant;  in  case  it  is  not,  forecast  demand  as  suggested  in  section  3.2. 
Attempts  to  estimate  lead  time  distributions  are  bound,  in  most  cases,  to 
remain  just  academic  exercises  because  of  the  computational  difficulties 
brought  about  and  because,  usually,  the  additional  data  required  is  just 
not  available  (Hadley  and  Whitin  [1963,  ch.  9-6]).  Therefore,  with 
highly  variable  lead  times  it  is  always  advisable  to  try  to  negotiate  with 
the  suppliers  in  order  to  cut  down  the  variability. 

The  safety  stock  factor  k  is  the  control  that  reflects  what  manage¬ 
ment  considers  to  be  reasonable  in  protecting  service  to  the  customers. 
"Reasonable"  is  understood  here  in  terms  of  a  tradeoff:  poor  service 
results  in  tangible  costs  (such  as  the  cost  of  expediting,  forgone  profit 
on  sales  lost  because  of  stockout  situations,  etc.)  and  intangible  costs 
(such  as  loss  of  goodwill),  while  improved  service  means  that  additional 
safety  stock  has  to  be  carried  which  implies  that  extra  inventory  invest¬ 
ment  is  needed. 

Thus,  the  safety  stock  should  correspond  to  a  compromise  between 
to  costly  shortages  and  too  expensive  inventories.  One  approach  to 
computing  safety  stocks  is  to  explicitly  cost  out  the  shortages  and,  then, 
to  minimize  the  total  relevant  costs  associated  with  the  inventory  system. 
Although  appealing  and  rather  easy  to  apply  from  the  optimization  point 
of  view,  this  approach  has  a  serious  drawback  in  that,  in  general,  it 
is  extremely  difficult  to  provide  estimates  for  the  cost  of  stockouts. 


- - 


.  •  «  ;  vx-c- 

k  ^  I  !  >  j 


mam  mm 


102 

Another  approach,  which  avoids  this  thorny  problem,  starts  from  a  prespeci¬ 
fied  service  level  that  has  to  be  achieved  by  appropriately  setting  the 
safety  stock.  The  desired  service  level  is  established  by  management;  this 
implies  that  some  tradeoff  between  conflicting  factors  is  implicitly  worked 
out  and  imbedded  in  the  value  of  the  service  level.  In  what  follows, 
examples  are  presented  for  both  approaches. 

A. 2.1  Setting  Safety  Stocks  When  the  Stockout  Cost  is  Proportional  to 
the  Number  of  Units  Short 

In  this  case  the  system  incurs  a  charge  cg  for  every  unit  short  (i.e., 
demanded  but  out  of  stock)  such  as,  for  instance,  when  items  are  manufactured 
on  overtime  or  bought  from  a  competitor  at  extra  cost  in  order  to  avert 
an  impending  stockout  situation. 

The  model  and  the  derivation  to  oe  presented  are  governed  by  the 
following  assumptions: 

-  the  demand  rate,  although  uncertain,  has  its  average  constant  or 
changing  very  slowly  with  time; 

-  the  lead  time  is  deterministic  and  time  invariant; 

-  the  order  quantity  Q  is  assumed  to  have  been  predetermined; 

-  an  order  of  size  Q  is  released  precisely  when  available  inventory 
reaches  the  order  point; 

-  average  shortages  are  considered  negligibly  small  when  compared  with 

* 

the  average  inventory. 

The  relevant  costs  are:  the  ordering,  inventory  holding,  and  stockout 
costs;  we  determine  the  size  of  the  safety  stock  (i.e.,  the  value  of  k) 
such  as  to  minimize  the  sum  of  the  costs  over  a  time  span  of  one  year.  As 
no  aggregate  constraints  are  imposed,  each  item  is  treated  independently 

_ 

This  assumption  is  reasonable  because  practice  shows  that  safety  stocks 
are  carried  with  the  purpose  of  keeping  shortages  at  a  low  level,  which 
by  no  means  should  compare  in  size  with  the  average  level  of  positive  stock. 


of  the  others. 


The  following  notations  are  use: 

D  «  average  demand  rate,  units  per  year 
A  =  ordering  cost,  dollar*;  per  order 
C  ■  unit  cost,  dollars  per  unit  of  item 

r  »  inventory  carrying  charge,  dollars  per  dollar  of  inventory  per 
year 

H  =  rC 

TC  ■  total  expected  annual  cost,  dollars  per  year. 

The  expected  annual  ordering  cost  is  easily  computed  given  that,  with 
an  average  annual  demand  of  D  and  replenishment  of  size  Q,  we  have: 


Expected  number  of  replenishments  per  year 


D 

Q 


Hence, 


(123) 


Expected  annual  ordering  cost 


As  mentioned  above,  a  replenishment  order  is  placed  when  the  available 
inventory  reaches  the  order  point.  Until  the  replenishment  arrives  the 
inventory  level  drops  by  an  amount  equal  to  the  demand  over  the  lead 
time.  Since  we  assumed  that  shortages  are,  on  the  average,  too  small  to 
influence  the  average  on  hand  inventory  level,  the  expected  inventory 
level  just  before  a  replenishment  arrives  is: 
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It  is  obvious  that  immediately  after  a  replenishment  of  size  Q  arrives 
the  inventory  level  changes: 


(125) 


Expected  on  hand  inventory  just  =  -  Order  .  +  -Safety, 

after  a  replenishment  arrives  'Quantity'*  'Stock'' 


"  Q  +  °Jl 


Since  the  demand  rate  has  a  constant  mean,  inventory  varies, 
average,  linearly  between  a  maximum  of  Q+ko£  and  a  minimum  of  ko£; 


(126) 


Expected  annual 
inventory  holding  cost 


q  +  ko£)rC 


on  the 
therefore : 


The  expected  annual  shortage  cost  can  be  computed  as  follows: 


(127) 


Expected  annual 
shortage  cost  s 


(Expected  number  of 
units  short  per 
replenishment  cycle 


(Expected  number  of 
repleni shment 
cycles  per  year  1 


If  d£  is  the  demand  over  the  lead  time  and  d£  is  the  expected  demand  over 
the  lead  time,  the  number  of  units  short  per  replenishment  cycle  is: 


(128) 


Shortage 
per  cycle 


f d  -  (Vk0*> 

(o 


if  d£  >  (df+ko£) 
if  d£  <  (d£+kO£) 


To  calculate  the  expected  value  of  (128)  one  needs  the  probability 
density  of  d£.  It  is  important  to  mention  that,  with  unbiased  forecasts, 
we  see  demand  d£  distributed  around  the  forecast,  according  to  the  same 
distribution  function  as  the  forecast  errors  over  lead  time.  The  spread 
of  d£  is  characterized  by  the  standard  deviation  0£. 

In  the  case  of  fast  movers,  if  the  random  noise  of  demand  is  normally 
distributed  and  the  successive  noise  samples  have  no  serial  correlation, 
the  cumulative  (over  the  lead  time)  forecast  errors  are  also  normally 
distributed.  More  generally,  however,  Brown  [1963,  ch.  19]  shows  by  analysis 
and  simulation  that  for  forecasts  based  upon  a  linear,  discrete,  time- 
invariant  system  (as  is  the  case  with  multiple  smoothing  or  general  exponen- 


tlal  smoothing  models)  forecast  errors  are  approximately  normal  for  a  wide 
range  of  distributions  of  demand  data  (simulations  were  run  with  data  sampled 
from  normal,  uniform,  and  triangular  distributions).  Therefore,  the  normality 
of  lead  time  forecast  errors  is  a  generally  accepted  practice  with  fast 
movers. 


Expected  number  of 

(129)  units  short  per  =  (u-k)f(u)du 

replenishment  cycle 

where  f (u)  is  the  normalized  normal  density  (with  zero  mean  and  a  standard 
deviation  equal  to  1) . 

The  integral  above  is  the  partial  expectation  of  the  normally  distri¬ 
buted  u;  we  call  it  G(k)  and  it  will  be  useful  in  some  later  developments: 

(130)  G(k)  =  yj  (u-k)f(u)du,  u  ^  N(0,1) 

In  concise  form: 

Expected  number  of 

(131)  units  short  per  ■*  o^G(k) 

replenishment  cycle 

The  cost  associated  with  the  stockouts  is  given  by: 


(132) 


Expected  annual  shortage  cost 


0,G(k)  §  cs 


The  total  expected  annual  cost  results  from  the  sum  of  (123) 


(126),  and  (132): 

(133)  TC  *>  A  ^  +  (^  +  kOg)rC  +  a^GOO  ^  cg 

As  TC  is  convex  in  k,  the  necessary  and  sufficient  condition  for  a 

* 


minimum  is  the  null  value  of  the  first  derivative: 


■  ”.C-Vlq/  '''M” 


Let  P(k)  be  the  complement  of  the  cumulative  distribution  function: 


(134)  P(k)  =  k/“  f  (u)du,  u  a,  N(0,1) 

The  optimal  value  of  the  safety  factor  k  must  be  set  so  as  to  satisfy: 

(135)  P(k)  “  §? 

s 

Values  of  the  P(k)  function  can  be  found  tabulated  in  any  statistics 

text. 

OrC  QrC 

Equation  (135)  only  makes  sense  for  <1.  If  >  1  or  when  k 
results  from  (135)  with  some  negative  value  which  is  considered  unaccept¬ 
able,  the  safety  factor  should  be  set  at  the  smallest  allowable  value 
established  by  management. 

When  using  optimal  lot  sizing  policies  faster  moving  items  have  Q/D 
smaller  than  slower  moving  itmes.;  consequently,  under  similar  costs, 
faster  moving  items  tend  to  be  allotted  larger  safety  stocks.  This  result, 
however,  is  in  no  way  an  endorsement  of  the  still  widely  used  practice  by 
which  safety  stocks  are  set  as  equal  time  supplies  for  all  items  in  an 
inventory.  First,  it  is  apparent  that  k  is  not  linearly  related  to  the 
demand  rate.  Second,  the  safety  stock  is  influenced  by  the  cost  structure 

See  Sokolnikoff  and  Redheffer  [1958,  pp.  261-262]  for  the  derivative  of 
a  definite  integral. 


and  Che  accuracy  of  Che  forecasCs 


4.2.2  Setting  SafeCy  SCocks  Co  Achieve  a  Prespecified  Service  Level 


As  mentioned  earlier,  seccing  safety  sCocks  so  as  Co  achieve  a  pre 


specified  service  level  skirts  the  difficult  issue  of  explicitly  deter 


mining  the  shortage  cost 


We  treat  in  this  section  two  measures  of  service  level 


the  expected  number  of  stockout  occasions  (irrespective  of  size)  per 


the  fraction  of  demand  to  be  served  routinely  fro™  stock 


We  choose  these  two  measures  of  service  because  practice  shows  that  in  many 


cases  they  reflect  the  managerial  way  of  thinking  in  terms  of  what  consti 


tutes  poor  or  good  service  to  the  customer 


Safety  Stocks  for  a  Specified  Average  Number  of  Stockout  Occasions 


The  significance  of  this  measure  of  service  level  is  probably  best 


described  by  Brown  [1977,  p.  176]:  "In  any  manufacturing  process  it  is 


practical  to  expedite  one  order  and  get  it  delivered  sooner  than  normal 


half  the  open  orders  -  nothing  gets  done  then 


Thus,  to  the  extent  that  expediting  does  not  become  a  way  of  living 


it  is  normal  to  have  to  move  now  and  then  a  few  orders  ahead  in  the 


schedule;  for  this,  the  average  number  of  shortage  occurences  has  to  be 


kept  below  a  prespecified  threshold.  The  idea  is  that  part  of  the  service 


is  provided  by  being  able  to  satisfy  part  of  the  demand  directly  from 


shelf;  this  service  is  further  improved  by  expediting 


Let,  then,  (SO)  be  the  acceptable  average  number  of  shortage  occa 


sions  per  year;  find  a  value  for  the  safety  factor  k  so  as  to  achieve  the 


prespecified  value  of  (SO).  The  assumptions  upon  which  the  model  is  built 


are  similar  to  the  ones  in  the  previous  section  A. 2.1,  except  that  in  the 
lost  sales  case  the  shortages  affect  the  inventory  level  (to  be  seen). 


With  a  lead  time  demand  normally  distributed  around  a  mean  d^  with 
a  standard  deviation  O^,  and  having  a  safety  stock  of  ko^,  the  probability 
of  a  stockout  at  the  end  of  the  lead  time  is  given  by  the  P(k)  function  of 
(134): 

00  00 

P(k)  *=  J  f(d£)d(d^)  =  f  f  (u)du,  u  *  N(0,1) 

Vk°*  k 

The  expected  number  of  replenishments  per  year  is  D/Q;  consequently: 


(136) 


Expected  number  of 
shortage  occurrances  per  year 


§  P(k)  =  (SO) 


The  best  value  of  the  safety  factor  k  is  so  as  to  conform  to  the 
following  equation: 

(137)  P(k)  =  |  (SO) 

If  a  small  number  of  shortages  (i.e.,  high  service  level)  is  desired, 
P(k)  should  be  small  and  k  results  large.  Thus,  decision  rule  (137) 
provides  the  safety  stock  with  the  intuitive  and  desirable  feature  by 
which  good  service  requires  larger  safety  stocks,  while  smaller  safety 
stocks  are  associated  with  poorer  service,  all  other  things  being  equal. 

We  should  mention  that  the  above  developments  leading  to  (137) 
assume  that  any  unfilled  demand  is  backordered  and  served  as  soon  as  the 
replenishment  arrives.  If,  however,  in  the  case  of  a  shortage  customers 
are  not  willing  to  wait,  unfilled  demand  is  lost.  By  (129)  and  (130) 
an  amount  of  o^G(k)  units  result,  on  the  average,  in  lost  sales  per  cycle. 
The  consequence  is  the  following:  if  in  the  backorders  case,  where  even¬ 
tually  all  demand  is  served,  a  demand  of  Q  units  is  recorded  on  the  average 
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during  a  replenishment  cycle,  in  the  lost  sales  case  Q  +  o^G(k)  units 

are  demanded  on  the  average  in  a  cycle,  of  which  Q  are  served  and  the 

others  lost.  Therefore,  a  system  with  lost  sales  works  with  larger 

inventories  and  fewer  cycles,  namely: 

Expected  annual  number  of  n 

(136)  replenishment  cycles  in 

the  lost  sales  case 


Q  +  a£G(k) 


The  decision  rule  (137)  can  be  modified  accordingly.  The  resulting 
equation,  however,  is  by  no  means  trivial  to  solve. 

Safety  Stocks  for  a  Specified  Fraction  of  Demand  to  be  Served 

Directly  from  Stock 

Here,  management  considers  the  service  level  to  be  satisfactory  if 
a  &  of  the  annual  demand  is  served  directly  from  stock;  the  remaining 
fraction  (.1-3?)  that  cannot  be  satisfied  directly  from  shelf  is  eicher 
backordered  or  is  expedited  to  be  moved  faster  through  the  replenishment 
process. 

The  same  assumptions  like  in  the  previous  section  stay  valid  here  too. 

With  a  lead  time  demand  which  is  normal  (mean  d^,  and  standard  deviation 
O^)  and  a  safety  stock  of  ko^,  the  expected  quantity  short  per  order  cycle 
is  OjjG(k)  [see  Equation  (131)].  During  the  year  an  average  of  ^  orders 
are  placed  and,  therefore,  the  expected  amount  to  be  backordered  annually 
is: 


(139) 


Expected  number  of 
units  short  per  year 


V<»  2 


According  to  the  definition  of  the  customer  service  level  it  is  still 
satisfactory  if  (l-t^)D  cannot  be  served  promptly  from  stock.  Equating 
this  with  (139)  ~ne  obtains  the  condition  to  be  satisfied  by  the  safety 
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(140)  G(k)  =  (1  -  ^) 

Selected  values  of  the  partial  expectation  function  are  shown  in 
Table  7;  they  should  be  sufficient  for  any  practical  work  in  inventory 
systems.  More  values  may  be  found  in  Peterson  and  Silver  [1971,  pp.  779-786]. 


Table  7:  Values  of  the  partial  expectation  function  G(k)  for  the  normal 

distribution 


k 

G(k) 

k 

G(k) 

0.0 

0.3989 

1.8 

0.01428 

0.1 

0.3509 

1.9 

0.01105 

0.2 

0.3069 

2.0 

0.008491 

0.3 

0.2668 

2.1 

0.006468 

0.4 

0.2304 

2.2 

0.004887 

0.5 

0.1978 

2.3 

0.003662 

0.6 

0.1687 

2.4 

0.002720 

0.7 

0.1429 

2.5 

0.002004 

0.8 

0.1202 

2.6 

'  0.001464 

0.9 

0.1004 

2.7 

0.001060 

1.0 

0.08332 

2.8 

0.000761 

1.1 

0.06862 

2.9 

0.000542 

1.2 

0.05610 

3.0 

0.000382 

1.3 

0.04553 

3.1 

0.000267 

1.4 

0.03667 

3.2 

0.000185 

1.5 

0.02931 

3.3 

0.000127 

1.6 

0.02324 

3.4 

0.000087 

1.7 

0.01829 

3.5 

0.000058 

From  (140)  it  is  clear  that,  for  a  specified  service  level,  safety 
stocks  depend  on  both  the  order  quantity  and  the  accuracy  of  the  forecasts. 

Thus,  the  larger  the  value  of  Q,  the  larger  the  value  of  G(k),  and 
therefore  the  smaller  the  safety  factor  needed  for  a  given  customer  service. 


Ill 


This  is  so  because  when  the  order  quantity  is  large  there  are  fewer  ship¬ 
ments  per  year;  hence,  there  are  fewer  opportunities  to  backorder. 

Similarly,  the  smaller  the  standard  deviation  0^  of  the  forecast 
errors,  the  large  G(k)  and  the  smaller  the  safety  factor.  Thus,  with  an 
accurate  forecasting  system,  the  standard  deviation  is  low  and,  at  the  same 
time,  one  neds  fewer  standard  deviations  as  safety  stock  -  a  double  saving 
in  safety  stock  investment. 

Let  us  note  that  according  to  this  decision  rule,  faster  moving  items 
need  higher  safety  stocks  than  do  slower  moving  items.  Indeed,  under 
optimal  lot  sizing,  ratio  D/Q  tends  to  increase  the  higher  the  usage  of 
the  item  (Q  grows  slower  than  D  does);  at  the  same  time,  the  variance  low 
(see  section  3.3.1)  tells  us  that  the  standard  deviation  of  the  forecast 
errors  tends  to  increase  with  the  usage  D.  Consequently,  for  a  specified 
Gji ,  faster  moving  items  command  a  lower  value  for  G(k)  and,  therefore, 
a  larger  safety  factor  k. 

Decision  rule  (140)  has  been  worked  out  for  the  backordering 
situation.  In  the  lost  sales  case  the  expected  number  of  cycles  per  year 


is  not  D/Q  but  rather 
Then, 


Q+OjG(k) 


as  shown  in  (138) , 


Expected  number  of 


°nG(k) 


*  O0G(k)  £  • 


units  short  per  year  £  Q+o^G(k)  £  Q  Q+OgG(k) 

The  ratio  is  precisely  the  fraction  &  of  demand  satisfied 


promptly  from  stock.  Hence 

(141) 


Expected  number  of  _  2.  <2jT 

units  short  per  year  °£  '  '  Q 


By  definition  of  the  service  level,  (141)  has  to  be  equated  with 
(1-#)  D;  then,  the  safety  factor  k  has  to  satisfy  the  following  condition: 


G(k) 


JL  1  ~  & 
£ 


O.  jjf, 


r4 


(142) 
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Since,  normally,  fraction  &  is  close  to  1,  from  comparing  (140) 
and  (142)  it  is  evident  that  the  safety  factor  is  affected  in  no  signi¬ 
ficant  way  bt  whether  unfilled  demand  can  be  backordered  or  is  lost. 

The  value  of  the  service  level  &  differs  with  the  category  of 
items  for  which  inventory  control  has  to  be  implented: 

-  A  items  should  be  handled  with  relatively  low  service  level  (a 

value  of  0.8  seems  reasonable).  This  results  in  lower  safety 

stocks  and,  therefore,  in  smaller  inventory  investments  for  these 
relatively  expensive  items.  However,  this  apparent  lack  of  service 
is  overcome  by  tight  control  procedures  and  efficient  expediting 
throughout  the  manufacturing  and  procurement  process  that  will,  in 
practice,  increase  the  aimed  service  level  to  a  high  performance 
without  having  to  pay  the  penalty  of  expensive  safety  stocks.  It 

is  in  the  control  of  these  items  where  most  of  management  judgement, 
attention,  and  intervention  is  concentrated,  using  automatic  inven¬ 
tory  rules  to  provide  only  a  sound  guideline  for  these  management 
decisions. 

-  B  items  should  be  handled  fairly  routinely,  with  service  levels  on 
the  order  of  S'  =  0.95.  The  inventory  control  system  has  to  provide 
sound  replenishment  decisions  and,  normally  there  should  be  no  need 
for  extensive  expediting,  management  intervention,  or  tight  external 
control. 

-  C  items  should  be  present  in  ample  supply  and  handled  with  a  minimum 
of  records,  controls,  and  procedures.  Normally,  their  replenishment 
decisions  should  be  completely  mechanized,  having  assigned  a  very 
high  service  level  (between  0.95  and  0.98). 


A  number  of  alternative  measures  of  service  level  can  be  found:  they 


should  be  used  in  performance  evaluation  there  where  they  best  parallel 
management's  targets  in  providing  customer  service.  Some  of  these  measures 
are  presented  below  accompanied  by  brief  qualifications;  for  all  of  them 
the  control  is  the  safety  factor  k  which  yields  the  safety  stock  in  the  form 
of  ko^. 

The  expected,  number  of  units  short  per  replenishment  cycle  is  given 
by  [see  equation  (131)]  and, by  Brown' s  [1977,  p.  176]  opinion,  is 
a  primary  measure  of  service  (as  the  expected  number  of  stockout  occasions 
per  year  also  is)  in  that  it  serves  in  deriving  other  measures  like  the 
fraction  of  demand  to  be  served  routinely  from  stock. 

The  probability  of  stockout  during  a  replenishment  cycle  can  be 
computed  as  P(k),  the  complement  of  the  cumulative  distribution  function 
of  lead  time  demand  [equation  (134)].  This  and  the  previous  measure  of 
service  focus  management's  attention  on  every  individual  cycle,  thus 
avoiding  the  pitfalls  of  service  levels  calculated  as  averages.  For  instance, 
while  the  annual  average  service,  expressed  as  a  fraction  of  demand  to  be 
satisfied  directly  from  stock,  might  look  really  good,  the  corresponding 
value  k  of  the  safety  factor  could  still  yield,  on  a  cycle  by  cycle 
basis,  an  unacceptably  large  chance  P(k)  of  shortage  occurance. 

At  the  same  time,  however,  the  cycle  oriented  service  measures  tend 
to  lose  sight  of  the  general  picture.  Thus,  if  one  item  is  replenished 
ten  times  annually  and  another  item  only  once,  and  if  k  is  set  so  as  to 
produce  for  both  items  a  probability  of  0.10  of  stockout  per  cycle,  then 
we  expect  the  first  item  to  run  out  of  stock  once  a  year  [see  equation  (136)] 
while  the  second  item  only  once  every  ten  years.  Although  the  safety  factor 
is  the  same  for  both  items,  it  is  questionable  whether  the  customer  service 
is  the  same. 

For  these  reasons  it  is  advantageous  to  simultaneously  assess  service 
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performance  with  measures  of  different  emphasis:  replenishment  cycle 
oriented  and  annual  average  oriented. 

The  probability  that  nQ  cycles  develop  shortages  during  a  year 
(n  =1, 2, . . . jD/QJ  can  be  easily  computed  by  defining  the  occurrence  of  a 
stockout  situation  in  a  replenishment  cycle  as  a  Bernoulli  trial  having 
a  probability  of  success  (i.e.,  occurra^ce)  of  P(k)  [see  equation  (134)] 
and  a  probability  of  failure  [l-P(k)].  A  binomial  process  with  a  total 
number  of  D/Q  trials  takes  place;  nQ  stockout  situations  occur  during  a 
year  with  a  probability  of 


(Q  -  V*  "o’ 


P(k)  [1  -  P(k) ] 


n 

o 


The  mean  of  this  distribution  is  a  measure  of  service  discussed  earlier: 
the  expected  number  of  shortage  occurrences  per  year  ^  P (k) .  If  one  wants 
to  know  the  chance  of  at  least  one  cycle  having  shortages  during  one  year 
the  answer  is  given  by  computing  1  -  [1  -  P(k)]D^.  - 

The  fraction  of  time  the  system  has  on-hand  positive  stock  is  often 
called  the  ready  rate  of  the  system.  As  shown  earlier,  in  the  backorders 
case,  the  average  demand  over  a  replenishment  cycle  is  Q,  and  in  the  lost 
sales  case  is  Q  +  O^G(k).  In  both  instances,  the  expected  number  of  units 
short  per  cycle  is  a^G(k).  Since  we  assumed  that  the  average  demand  rate 
is  constant,  the  ratio  of  time  short  in  a  cycle  to  the  total  duration  of 
the  replenishment  cycle  (i.e.,  the  fraction  of  time  the  system  is  out  of 
stock)  is  the  same  as  the  ratio  of  the  expected  amount  short  to  the  average 
demand  over  the  cycle: 


(143) 


Fraction  of  time  the 
system  is  out  of  stock 


afG(k) 

Q  ’ 

otG( k) 

Q^GOO  ’ 


backorders  case 


lost  sales  case 


7  *'V\  7 


■I  /It  'Ll hSu-.j  ■'  . 
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Since  the  lost  sales  case  produces  higher  inventories,  the  fraction 
of  time  out  of  stock  results  smaller  than  in  the  backorders  case. 

The  ready  rate  is  then  computed  as  1  -  (fraction  of  time  out  of  stock) : 


Fraction  of  time  the 
(144)  system  has  on-hand 

positive  stock 


Notice  that  under  the  assumption  of  unit  sized  demand  transactions, 
which  has  been  imbedded  in  the  calculation  of  the  expected  amount  short 
per  cycle,  it  is  apparent  from  (144)  that  the  ready  rate  is  equivalent 
to  the  fraction  of  demand  served  directly  from  stock.  With  non-unit 
sized  demands  there  is  the  possibility  of  overshooting  the  order  point, 
which  leaves  the  two  measures  of  service  only  approximately  equivalent. 

4.2.3  Allocation  of  Safety  Stocks  under  Aggregate  Constraints 

In  the  previous  two  sections  safety  stock  decisions  have  been  analyzed 
by  considering  every  inventory  item  in  isolation.  Lt  is  very  often  the 
case,  however,  that  some  aggregate  constraints  apply  such  as  a  limited 
budget  for  inventory  investment,  limited  warehousing  space,  etc.,  in  which 
case  items  iteract  by  competing  for  the  scarce  resource. 

A  large  variety  of  decision  rules  can  be  developed  by  optimizing 
various  objective  functions  within  the  bounds  imposed  by  the  aggregate 
constraints  (Gerson  and  Brown  [1970]). 

Suppose  then,  that  we  have  an  inventory  of  n  items,  a  limited  budget 
for  annual  inventory  investment  I;  we  want  to  allocate  this  budget  among 
the  n  items  so  as  to  minimize  the  total  expected  number  of  units  short  per 
year;  subscript  i  denotes  the  i-th  item. 

Assume  that  the  average  demand  rate  is  constant  (although  demand  is 
probabilistic),  the  lead  time  is  time  invariant  and  known  with  certainty, 


Q-o£G(k) 


backorders  case 


'  Q-KJ^G(k)  ' 


lost  sales  case 


r  a  -  1  • 

,  -a 


i  i 


.  it 
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and  an  order  of  size  (which  is  determined  independently  and  prior  to 
establishing  the  safety  stocks)  is  released  as  soon  as  the  available  inven¬ 
tory  of  the  i-th  item  reaches  the  corresponding  order  point.  One  unit 
of  item  i  costs  c^  dollars.  Unfilled  demand  is  backordered. 

By  use  of  relations  (126)  and  (139)  the  formal  representation  o. 
the  problem  is: 


Minimize  Z 


subject  to: 


n  D 

£  °UC<ki> 

n  /Q 


(t  +  ki°«)  ci  i 


Two  observations  are  in  order  here: 

-  given  the  nature  of  the  problem,  the  solution  will  always  have  the 
constraint  hold  at  equality 

-  as  are  predetermined  constants,  the  constraint  can  be  simplified 

by  expressing  it  only  in  terms  of  the  required  investment  in  safety 

stocks  I  . 

s 

Hence,  the  problem  we  have  to  solve  is: 

n  D . 

(145)  Minimize  Z  =  E  a..G(k.)  — 

i=l  X1  1  ^i 


subject  to: 


(146  ) 


n 

E 

i=l 


VfciCi 


I 

s 


The  objective  function  is  convex,  which  can  be  shown  by  looking  at 
the  Hessian  of  Z.  As  the  objective  function  is  separable  in  the  k^’s, 
the  Hessian  is  a  nxn  diagonal  matrix  with  all  positive  elements  on  its 
main  diagnoal  of  the  form:*  a^  =  f(k1),  i=l,...,n,  where  f (k^  is  the 
normal  density  function  (with  zero  mean,  and  a  standard  deviation  of  1) 


32Z 

3kJ 


J  l! 


_3Z 

3k. 


-  f (u)du; 


f(k.) 


MT 
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evaluated  at  k^.  For  all  nonzero  vectors  x,  the  Hessian  satisfies 


xTJ^x  >  0,  hence  it  is  positive  definite,  Z  is  convex  (Luenberger  [J973, 


p.  118]),  and  the  I.agrangian  multiplier  technique  can  be  applied. 
The  Lagranglan  is: 


(147)  L  -  OuC(k1)  ^  +  »( ^  k1OuC1  -  ls) 


where  A  is  the  nonnegative  Lagrange  multiplier. 


To  find  the  minimum  of  Z,  subject  to  the  constraint  on  investment, 
3L 


set  =  0  which  yields 
9ki 


(148) 


POO  *  7T  *  IF*  =  X  •  i=l , . . .  ,n, 
qi  Li 


where  P(k.)  is  given  by  (4.134), 


Geison  and  Brown  [1970]  solve  a  similar  problem  in  which  the  expected 


n 

value  of  the  total  annual  shortages  1  o0.G(k  )  <J.  is  minimized  subject 

i=l  *-1  i  1 


to  (146).  The  optimal  solution  satisfies: 

D, 


(149) 


P(k.)  =  A  , 


i  Q 


i=l , . • • ,n , 


which  means  that  safety  factors  k^  should  be  chosen  so  as  to  produce  the 


same  expected  number,  A,  of  units  short  per  year  for  each  item. 

By  varying  A  in  (148)  or  (149)  one  obtains  different  values  of 
the  required  inventory  investment;  the  solution  is  that  A  which  leads  to 
equality  in  (146). 

As  mentioned  earlier,  other  objectives  can  be  optimized,  subject  to 


aggregate  constraints,  such  as  the  expected  number  of  shortage  occurrences 
n  Dj 


per  year  £  —  P(k,).  For  models  minimizing  the  total  of  ordering,  inven- 

i=l  1 


tory  carrying,  and  stockout  costs  under  aggregate  inventory  constraint, 
see  Holt,  et  al.  [1960,  ch.  12]. 


yrf  nil  -• 
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4 . 2 . 4  Simultaneous  Determination  of  Safety  Stocks  and  Order  Quantities 
In  this  section  we  relax  the  assumption  of  predetermined  order  quan¬ 
tities;  our  concern  is  to  determine  lot  sizes  and  safety  stocks  jointly. 
Decision  rules  are  derived  for  both  the  case  of  the  Individual  product  and 
the  case  of  optimization  under  aggregate  constraints. 

Order  Quantity  and  Safety  Stock  fo »■  a  Single  Product 
To  illustrate,  consider  the  total  cost  function  of  section  4.2.1; 
the  optimal  Q  and  k  are  sought1  so  as  to  minimize  the  sum  of  ordering, 
inventory  holding  and  stockout  costs: 


(150)  Minimize  TC  =  A  ^  +  (|  +  ko£)rC  +  0£C(k)  ^  cg 


The  first  order  conditions  for  a  minimum  are  given  by 


3(TC) 

9k 


9  (TC) 

3Q 


0  and 


0.  It  is  interesting,  however,  to  find  out  more  about  the  shape 


of  TC;  if  it  is  convex,  it  has  a  minimum  which  is  a  global  minimum. 
The  Hessian  of  TC  is: 


cte 


92 (TC) 
9Q2 


a2(TC) 

9k9Q 


92(TC) 

9Q9k 


a 2  (tc) 

9k2 


2 AD  .  2VsDG(k) 


o£csPP(k) 


0£csDp(k) 


0£csDf(k) 


is  a  symmetric  matrix  of  the  form  ^) ;  the  necessary  and  suffi- 

b  c 

cient  conditions  for  such  a  matrix  to  be  positive  definite  are:  a  >  0  ard 
det  vfC *  ac-b2  >  0.  In  our  case  clearly  a  >  0.  Then: 


det  =  ~  [2Aa£cgD2f (k)  +  2a2c2D2G(k)f (k)  -  a2c2D2P(k)2] 


Q1*  is  always  positive.  With  respect  to  k  we  notice  that: 


lim  (det  =  0 

k-*» 

Also: 


iLti  t  L 
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find  a  solution  by  an  Iterative  scheme  that  moves  between  equations  (153) 


and  (154)  (see,  for  instance,  Hadley  and  Whitin  (1963,  ch.  4-4]). 

Order  Quantities  and  Safety  Stocks  under  Aggregate  Constraints 
Here  we  reconsler  the  problem  of  section  4.2.3:  find,  for  the  n  items 
in  the  system,  the  best  order  quantities  and  safety  factors  k^,  i=l,...,n, 
so  as  to  minimize  the  total  expected  number  of  units  short  per  year,  subject 
to  a  total  inventory  budget  I. 

n  D 

(156)  Minimize  Z  =  £  o0.G(k.)  — 

i=l  X1  1 

subject  to: 

d57)  It  +  ki°u)  Ci  =  1 

In  order  to  apply  the  Lagrange  multiplier  method  we  have  to  make  sure 
that  the  Hessian  of  Z  is  positive  definite  (the  Hessian  of  the  constraint 
is  a  zero  matrix,  so  it  cannot  affect  the  second  order  conditions  for 
optimality,  Luenberger  [1973,  p.  226]). 

Z  is  a  function  of  2n  variables;  it  separates  in  n  functions,  each 
related  to  one  item  only: 


Z(k1,Q1;  k2,Q2;  ...;  k^) 


l  z,(k .,Q.) 
i-1  1  1 


The  Hessian  of  Z  displays  a  succession  of  n  symmetric  2  by  2  matrices 


on  its  main  diagonal;  the  i-th  2  by  2  matrix  is  the  Hessian  / 1  of  z^;  all 
other  elements  in  je  are  zero. 


We  want  to  show  that  for  all  nonzero  vectors  X  it  is  true  that 


XT^X  >  0.  Vector  X  has  2n  elements  and  we  regard  it  as  being  made  of 
n  vectors  with  2  elements  each: 


We  have 


Since  the  upper  left  element  is  positive,  /t  .  is  positive  definite 


if  its  determinant  is  positive 


3(det  A  .) 


Under  the  restriction  of  using  only  positive  safety  factors,  we  have 

f'O^)  <  0,  the  derivative  (160)  is  negative  and,  by  (159),  det  /i^  >  0 

Hence,  is  positive  definite,  making  >  0* 

From  (158)  it  immediately  follows  that  is  positive  definite. 

Form  the  Lagrangian  function  L  using  a  nonnegative  multiplier  X  and 

3L  3L 

apply  the  first  order  conditions,  for  optimality:  -jr^—  =  0,  -jrr—  =  0,  they 


Together  (161)  and  (162) 
the  optimal  k^  for  a  given  A: 

(163)  P(k1)  - 

The  corresponding  to  the  given  A  and  k^  can  be  calculated  from 
either  (161)  or  (162) . 

A  search  over  the  values  of  A  has  to  be  performed  In  view  of  the 
inventory  constraint  (157) . 

Developments  of  decision  rules  for  other  objective  functions  are 
conducted  by  Holt,  et  al.  [1960,  ch.  13],  Gerson  and  Brown  [1970]. 


It  is  apparent  that  consideration  of  the  joint  determination  of  lot 
sizes  and  safety  stocks  brings  considerable  computational  complexity  into 
the  system  and,  therefore,  might  only  the  warranted  for  the  most  expensive 
or  important  of  the  class  A  items.  For  the  case  of  the  single  product  for 
which  Q  and  k  are  derived  by  minimizing  the  total  cost  of  equation  (150), 
Peterson  and  Silver  [1979,  p.  367]  find  that  the  cost  penalty  for 
computing  Q  and  k  independently  rather  than  jointly  is  larger  when  ratio 
Q/O^  is  small.  They  show  that  low  values  of  Q/o^  are  more  likely  with 
class  A  items  than  with  B  or  C  items  and,  consequently,  they  recommend 
that  use  of  the  more  sophisticated  approach  of  joint  determination  be 
limited  to  some  A  items . 

4. 3  Safety  Stocks  for  Slow  Moving  Items 

The  philosophy  behind  setting  safety  stocks  for  slow  movers  is  the 
same  as  in  the  case  of  fast  moving  items:  when  placing  an  order  sufficient 
stock  should  be  available  (on  hand  plus  already  on  order)  to  meet  the 
maximum  reasonable  demand  over  the  lead  time. 
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If  the  forecast  model  in  use  fits  a  theoretical  distribution  to 
data  (e.g.s  the  Normal,  Poisson,  Laplace,  or  Gamma  distribution)  by 
estimation  of  the  appropriate  parameters,  then  the  safety  stock  is  made 
equal  to  some  multiple. k  of  the  standard  deviation  of  the  forecast 
errors  over  the  lead  time,  and  the  order  point  follows  from  (121) 

Another  approach  is  to  work  with  and  determine  directly  the  order  po-'nt  s. 
Evidently,  in  view  of  the  definition  (121)  of  the  order  point,  the  two 
approaches  are  equivalent. 

If,  alternatively,  the  empirical  cumulative  probability  distribution 
of  lead  time  demand  is  determined  (section  3.4.4)  the  order  point  is 
read  directly  off  the  cumulative  curve. 

A  few  examples  and  comments  are  provided  below  to  illustrate  the  two 
approaches. 

4.3.1  Safety  Stocks  Based  on  Theoretical  Distributions 

This  approach  is  essentially  the  same  procedure  used  to  determine 
order  points  for  fast  moving  items  except  that  the  expected  lead  time 
demand  and  would  be  estimated  by  procedures  specific  to  slow  movers. 

As  mentioned  in  section  3.4.3,  use  of  complicated  probability  distribu¬ 
tions  should  be  limited  to  expensive  or  very  important  items  where  the 
increased  system  cost  is  balanced  by  the  possible  substantial  reduction 
in  inventory  investment  or  by  the  improved  service  brought  about  by 
the  more  accurate  estimates.  For  cheap  and  unimportant  items,  the 
normality  of  forecast  errors  may  still  be  considered  as  a  reasonable 
approximation;  therefore,  the  safety  factor  k  should  be  selected  from  the 
same  tables  for  fast  moving  items,  which  could  constitute  an  important 
practical  advantage  for  the  implementation  stage. 

To  substantiate  the  statements  made  above,  consider  the  case  where 
the  system  incurs  s  charge  c  for  every  unit, short,  and  lead  time  demand 


.  A' ■  •  -Jkj 


...  .. 


At L 
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Is  generated  by  a  Poisson  process. 

The  following  assumptions  hold: 

-  although  demand  rate  is  uncertain,  its  average  of  D  units/year 
is  a  constant; 

-  demand  is  discrete  and  units  are  demanded  one  at  a  time; 

-  an  cvder  of  size  Q  is  released  exactly  when  available  inventory  hits 

* 

the  order  point; 

-  order  point  s  and  replenishment  quantity  Q  are  discrete; 

-  lead  time  is  a  constant  £; 

-  any  unfilled  demand  is  backordered. 

The  ordering  cost  is  A  dollars/order,  the  cost  of  the  item  is  C  dollars/ 
unit,  and  the  inventory  carrying  charge  is  r  dollars/dollar* year . 

We  determine  the  optimal  order  size  Q  and  order  point  s  so  as  to 
minimize  the  total  of  the  average  annual  costs  (ordering,  holding,  and 
backorders  costs) . 

The  basic  proofs  are  derived  by  Hadley  and  Whitin  [1963,  ch.  4-7]  and 
we  extract  here  only  the  results  relevant  to  our  problem. 


The  expected  annual  ordering  cost  is  A 

Lead  time  demand  is  Poisson  with  mean  (and  variance)  equal  to  D£. 
Let  the  mean  lead  time  demand  be  denoted  by  d^  =  DJI,  and  let  d^  be  the 
probabilistic  demand  over  the  lead  time.  Then,  p(d^;d^)  is  the  Poisson 
probability  that  d^  units  are  demanded  during  a  lead  time  of  l  periods. 
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us  rCI  to  hold.  By  definition: 


.Available. 

''inventory'* 


( 


On  hand  s  +  ( 
inventory* 


Amount  ^ 
on  order* 


( 


Amount 

on  backorder 


) 


Than: 


Y  _  .Expected  available. 

inventory  ' 


_  .  Expected  number 

Expected  amount  +  (  of  backorders  ) 

on  order  M  any  time 


We  have: 


Expected  available 
inventory 


W-l 


+  s 


Expected  amount 
on  order 


=  d„ 


DJ. 


Expected  number 
of  backorders 
at  any  time 


=  i  [ b ( s )  -  b(s+Q) ] 


where  function  b(v)  is  defined  by 
(164)  b(v) 


^|ilp(v-l;  d£)  -  (DA)vP(v;  d£)  +  P(v+1;  d^) 


In  (164)  function  P(u;  d^)  is  the  complement  of  the  Poisson  cumula¬ 
tive  distribution  function,  i.e.: 


(165) 


p (uji ;dj^)  =  £  p^dt,;  dx,^ 

dru 


The  expected  on  hand  inventory  is: 


(166)  I  =  +  s  .  Dz  +  I  [b(s)  -  b(s+Q)] 


The  last  cost  component  is  the  backorders  cost. 


(167) 

where  function  a(v)  is: 


Expected  number  of 
units  backordered 
per  year 


^  [a(s)  -  a(s+0) ] 


*Trri 


V, 


a(v) 


Di.P(v;Dfl)  -  vP (v+l;Dt) 


The  total  expected  annual  cost  function  TC  is  constructed  from  (4.166), 

(167) ,  and  the  ordering  cost: 

(168)  TC  «  A  ^  +  rc  +  s  -  Df.  +  ^[b(s)  -  b(s+Q)]}  +  cg  ^[a(s)  -  a(s+Q)] 

When  it  is  rather  costly  to  incur  backorders,  the  minimization  of  TC  acts 
so  as  to  make  shortages  improbable.  Then  the  terms  a(s+Q)  and  b(s-KJ)  become 
negligibly  small,  can  be  removed  from  the  cost  function,  and  TC  simplifies 
substantially. 

Minimizing  (168)  requires  a  computer  and  use  of  a  search  technique; 
minimizing  the  simplified  version,  with  a(s+Q)  and  b(s+Q)  neglected,  requires 
a  somewhat  less  computational  effort  (Hadley  and  Whitin  [1963,  ch.  4-8], 
but  it  still  takes  a  number  of  back  and  forth  iterations  between  successive 
values  of  Q  and  s. 

The  complicated  way  in  which  total  costs  depend  on  Q  and  s,  aggravated 
by  the  discreteness  of  the  variables  (which  precludes  use  of  derivatives  in 
in  optimization)  explains  the  reserve  management  scientists  show  in 
recommending  the  Poisson  distribution  for  practical  work.  It  is  not 
uncommon  to  find  inventory  control  systems  in  which  for  all  items  lead  time 
demand  is  assumed  to  vary  normally;  the  differentiation  among  A,  B,  C  class, 
and  8 low  or  fast  moving  items  is  made  when  deciding  upon  the  appropriate 
forecasting  technique,  the  level  of  service  and  the  amount  of  managerial 
attention  to  be  assigned  to  various  groups  of  items. 

It  was  mentioned  earlier  [relation  (110)]  that  lead  time  demand  can 
be  considered  Poisson  distributed  if  the  standard  deviation  of  lead  time 
demand  is  within  10%  of  /Lead  time  demand  forecast.  Otherwise,  Peterson 


and  Silver  [1979,  ch.  9]  recommend  the  use  of  the  Laplace  distribution 


The  Laplace  distribution,  also  called  the:  bilateral  exponential,  is 


composed  of  two  symmetric  back-to-back  exponential  functions.  Let  the 


Laplace  variable  be  the  probabilistic  lead  time  demand  d„ ;  the  distribution 


is  characterized  by  the  mean  value  d5  and  the  standard  deviation  0 


Figure  20:  Laplace  density  function  with  mean  d«  =  8  units  and  C.  =  1  unit 


Let  us  reconsider  now  the  problem  of  section  4.2.1,  where  the  stock¬ 


out  cost  is  proportional  to  the  number  of  units  short.  The  following 


assumptions  hold 


lead  time  demand  is  Laplace  distributed 
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-  the  average  demand  rate  Is  a  constant,  D  units/year 

-  and  order  of  size  Q  is  released  precisely  when  the  available  inventory 
reaches  the  order  point; 

-  lead  time  is  a  constant  £; 

-  unfilled  demand  is  backordered;  for  each  unit  backordered  a  charge 
c  is  incurred; 

-  average  shortages  are  considered  negligibly  small  when  compared  with 
the  average  inventory. 

Consider  that  both  the  safety  factor  k  and  the  lot  size  Q  are  unknown. 
We  restrict  our  attention  only  to  nonnegative  values  for  k. 

Similarly  to  equation  (133)  we  can  write  the  expression  of  the  total 
expected  annual  cost: 

^  r  _  Expected  number  of 

TC  *=  A  p  +  (|  +  ka^)rC  +  cg  q  (  units  short  per  ) 

^  replenishment  cycle 


Expected  number  of 
units  short  per  = 
replenishment  cycle  ^  +ka 

(  1 


( 

/ 


[d£  -  (d^+ko^)  ]f  (d^dCdj) 


Make  a  change  of  variable:  u  “  — — to  obtain: 


Expected  numL_r  of 
units  short  per 
replenishment  cycle 


—  I  (u-k)e 

Si  K 


du 


°l  ,00  _/2  u 


r 

—  ,  I  u  e 


/2 


du  -  —  k  ,/  e 

/2  k 


-/2  u 


du 


-ft  k 


2/2 


e_r<  k(/2  k  +  1)  -  k 


~/2  k 


ai  -sr  k 

-  e 

2S2 


k 
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Hence: 


(170)  TC  -  A  {j  +  (§  +  kot)rc  *  =.  §  '  ^  «_/2  k 

It  Is  easy  to  show  that  TC  Is  convex  (Its  Hessian  is  positive  definite) 
under  our  restriction  that  k  ^  0.  Setting  " =  0  and  ^  =  0  yields: 


(172) 


k 


_1_ 

/2 


In 


c  D 
s 

2QrC 


Again,  as  seen  in  earlier  developments,  the  optimal  lot  size  tends 
to  be  larger  than  that  given  by  Wilson's  formula  (1),  thus  reducing  the 
exposure  to  the  risk  of  running  out  of  stock  over  the  year. 

As  it  is  often  the  case,  Q  can  be  determined  independently  of  k  without 
incurring  a  too  severe  penalty  for  missing  the  mathematical  optimum.  Then, 
we  are  left  with  finding  the  best  safety  factor  k  from  (172). 


Following  the  general  lines  of  reasoning  used  so  far,  a  large  variety 

* 

of  results  can  be  further  developed  for  slow  moving  items  under  various 

service  level  considerations  (see  measures  of  service  in  section  4.2.2) 

for  either  joint  or  sequential  determination  of  the  order  quantity  and 

the  safety  stock.  However,  as  it  was  already  mentioned  elsewhere  in  this 

book,  the  choice  among  models  for  practical  applications  has  to  strike  a 

balance  between  the  need  for  accurately  capturing  the  observed  item's 

characteristics,  the  system  cost  brought  about  by  the  model  complexity, 

and  the  managerial  considerations  regarding  service  to  customers. 

_ 

Hadley  and  Whitin  (1963,  ch.  4],  Peterson  and  Silver  (1979,  ch.  7,  9,  and  11]. 


,.t _ .al  J '  ,u.L ■- 
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4.3.2  Safety  Stocks  Based  on  Empirical  Distributions 

Suppose  that,  based  on  the  Item's  history,  we  have  empirically  deter¬ 
mined  the  cumulative  probability  distribution  of  lead  time  demand  d£. 

The  order  point  s  is  determined  by  reading  it  right  off  the  probability 
curve  (Figure  21)  so  as  to  satisfy  certain  service  requirements: 

(173)  Prob  (d£  <  s)  =  SERVICE 
or 

(174)  Prob  (d£  >  s)  =  1  -  SERVICE 


Figure  21:  Empirical  probability  distribution  curve  of  demand  over  the 
lead  time 

The  value  to  be  assigned  to  what  we  symbolically  call  SERVICE  should 
result  from  managerial  considerations.  Technically,  any  method  that  was 
presented  in  section  4.2  for  setting  safety  stocks  can  be  used,  as  long 
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as  It  yields  a  control  parameter  in  the  form  of  either  a  cumulative  probability 
value  or  the  complement  of  the  cumulative  probability. 

To  Illustrate,  consider  that  the  cost  of  backordering  is  proportional 
to  the  number  of  units  short  (section  A. 2.1).  Then,  assuming  Q  and  the 
order  point  s  to  be  continuous  variables,  we  write  the  total  expected  annual 
cost  by  similarity  to  expression  (133): 

TC  =  A  (fi  +  .  -  d4)rC  +  cs  |  sfm  (d1-8)f(dl)d(d1) 

Density  f(d^)  is  analytically  unknown  but  this  affects  us  in  no  way. 

j  /<rp\ 

For  a  predetermined  Q  set  — ^ — -  =  0  to  get  the  best  s;  the  first  order 

ds 

condition  yields: 

<i7»  r  f(dt)d(dt)  •  jgs 

s 

Then,  set  SERVICE  equal  to  the  calculated  value  of  (175)  and  read 
the  optimal  s  off  the  cumulative  probability  curve. 

For  other  measures  of  the  service  level  like:  a  specified  average 
number  of  stockout  occasions  per  year,  the  probability  of  stockout  during 
a  replenishment,  etc.,  the  value  of  SERVICE  can  be  derived  similarly. 

However  we  would  not  use  measures  like:  the  expected  number  of  units  short 
per  replenishment  cycle,  or  a  specified  fraction  of  demand  to  be  served 
directly  from  stock  because  we  cannot  reliably  determine  empirical  partial 
expectations. 

If  we  have  to  work  with  integer  numbers  for  the  order  point,  then  s 
becomes  the  smallest  integer  such  that  Prob(d^  <_  s)  >_  SERVICE. 
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5  The  System  Integrative  Module 

The  system  Integrative  module  assembles  the  decision  rules  derived 
in  the  previous  chapters  into  inventory  control  policies.  An  inventory 
control  policy  should  be  able  to  provide  answers  to  two  basic  questions: 

WHEN  to  order  a  replenishment  batch  and  HOW  MUCH  to  order  of  the  particular 
item  controlled.  Throughout  the  section  on  safety  stocks  an  order  point  - 
order  quantity  policy  (i.e.,  an  order  of  size  Q  is  released  when  the  avail¬ 
able  inventory  reaches  the  order  point  s)  has  been  assumed  because  it  best 
suited  the  presentation  and  development  of  the  topic.  Occasionally  it  was 
hinted,  however,  that,  for  cases  not  meeting  all  the  assumptions  made 
there,  other  policies  might  be  appropriate. 

Before  putting  an  inventory  control  system  together  we  still  have 
to  deal  with  the  decision  whether  to  make  a  particular  item  to  order  or 
to  stock  it. 

5.1  Made-to-order  vs.  Stock  Items 

If  an  item  is  made  to  order  (or  purchased  to  order),  its  production 
(or  purchase)  should  be  limited  to  the  amount  generated  by  a  specific 
customer  order  received,  and  should  start  at  a  date  compatable  with  the 
required  or  promised  delivery  date.  If,  on  the  contrary,  we  are  dealing 
with  a  stock  item,  we  are  expected  to  be  able  to  fill  the  Item's  demand 
directly  from  stock,  at  least  to  the  extent  made  possible  by  the  service 
level  considerations  built  into  the  inventory  control  system. 

In  section  1.1  several  reasons  for  holding  inventories  have  been 
discussed,  and  we  have  seen  that  stocks  perform  certain  functions.  In  order 
to  decide  on  making  to  order  or  stocking  an  item,  we  concentrate  on  two 
essential  aspects.*  inventories  are  held  to  attend  customer  service  require¬ 
ments  or  to  provide  cost  savings.  Consequently,  to  determine  whether 
or  not  an  item  should  be  stocked  we  should  analyze,  first,  if  service 
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considerations  force  us  to  keep  the  Item  In  stock,  regardless  of  cost 
Implications,  and,  second,  if  this  is  not  the  case,  whether  we  should  still 
stock  it  due  to  cost  considerations. 

Made-to-order  vs .  Stock  Classification  Based  on  Service  Considerations 
We  can  associate  with  each  product  a  quantity  called  "desired  maximum 
promised  delivery  lead  time",  which  is  the  maximum  period  of  time  we  still 
consider  acceptable  for  the  customer  to  wait  for  the  delivery  of  the  ordered 
merchandise.  This  delivery  time  can  be  evaluated  by  taking  into  account 
the  previous  delivery  history  of  the  product,  the  customers'  requests, 
and  the  competitors'  delivery  policies.  Also,  determine  for  each  product 
the  "manufacturing  (or  purchasing)  lead  time"  as  the  length  of  time 
that  elapses  from  the  moment  at  which  a  manufacturing  order  (or  purchasing 
requisition)  is  released  until  the  product  is  physically  available  for 
delivery.  The  lead  time  can  be  determined  from  previous  history  or  by 
estimates  provided  by  foremen  and  dispatchers  (or  purchasing  agents) . 

Then,  the  decision  rule  is  as  follows:  if  the  manufacturing  (or 
purchasing)  lead  time  is  larger  than  the  desired  maximum  promised  delivery 
lead  time,  classify  the  product  as  a  stock  item;  otherwise,  there  is  no 
need  to  stock  the  product  based  on  service  considerations  and  an  economic 
analysis  of  the  consequences  of  the  made-to-order  versus  stock  decision 
has  to  be  performed. 

One  point  to  be  emphasized:'  an  item  may  be  exceedingly  important  to 
make  the  production  or  logistics  process  of  a  firm  feasible.  In  such  a 
case,  although  service  considerations,  measured  in  terms  of  the  desired 
delivery  le3d  time,  may  not  force  us  to  stock  the  item,  the  constraints 
imposed  by  the  process  itself  may  require  one  to  do  so. 

Made-to-order  vs.  Stock  Classification  Based  on  Economic  Considerations 
We  have  seen  that  even  if  the  result  of  the  previous  analysis  indicates 
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that  the  product  need  not  be  stocked  for  service  reasons,  it  is  still 
possible  that  it  would  be  desirable  to  stock  it  for  economic  reasons. 
Thus,  we  have  to  compare  the  cost  incurred  if  the  item  is  made  to  order 
with  the  cost  resulting  if  it  is  stocked. 

* 

The  assumptions  and  the  data  of  the  problem  are  as  follows: 

-  the  expected  annual  demand  for  the  item  is  D  units/year;  it  is 

it  is  expected  that  a  number  of  N  orders  are  received  annually  from 
customers; 

-  there  is  a  fixed  charge  of  A  dollars/order  for  the  manufacturing 
setup  (or  for  placing  a  purchasing  order); 

-  if  the  item  is  stocked,  it  is  ordered  in  economic  order  quantities 
Q;  also,  to  protect  against  uncertainties  a  safety  stock  (SS)  is 
held; 


-  it  costs  dollars/unit  to  procure  the  item  for  stock;  it  costs 


dollars/unit  when  the  item  is  procured  to  order;  the  two  costs 
are  established  by  assuming  that  in  the  made-to-order  case  the 


expected  order  size  is  -jj  units,  and  in  the  stock  base  it  is  Q  units; 


-  stock  is  carried  at  a  charge  of  r  dollars/dollar -year; 

-  service  level  is  high  enough  so  as  to  make  the  backorders  cost 
negligible. 


The  expected  annual  made-to-order  cost  TC^.^  is  determined  by  the 


total  ordering  cost  and  the  cost. of  the  items  themselves: 


(176) 


tchto 


NA  + 


dcmto 


When  the  product  is  stocked,  the  expected  annual  cost  TCCTr.rv  is: 


TC, 


STOCK 


Q  A  +  f  +  (SS)^rCSTOCK  +  DCSTOCK  +  Csyst 


Under  somewhat  different  assumptions  the  problem  was  also  worked  out  by 
Popps  [1965]. 


where  Csyat,  dollars/year,  is  the  system  cost  (the  item's  share)  of  having 
the  item  stocked. 


Since,  if  stocked,  the  item  is  order  in  economic  order  quantities 


STOCK 


STOCK 


+  (SS)rC, 


2DArC, 


STOCK 


'STOCK 


STOCK 


STOCK 


Certainly,  if  quantity  discounts  are  available,  items  are  replenished 


jointly,  or  situations  other  than  the  conditions  of  the  classical  economic 


lot  site  model  occur,  the  appropriate  formula  from  section  2  has  to  be 


used 


The  decision  rule  to  be  applied  is  then:  if  TC„-  <  TC_„„„„  i 

MTU  STOCK 

the  item  as  made-to-order;  otherwise,  classify  it  as  a  stock  item 


By  comparing  (176)  and  (177)  some  qualitative  qualifications  can 


be  expressed.  As  the  ordering  cost  A  increases,  TC  grows  faster  than 


TCgTocK  anc*  thus  the  system  tends  to  the  stocking  situation.  A  small  number 
of  orders  per  year  tends  to  favor  the  made-to-order  situation;  this  supports 


the  intuitive  feeling  that  the  made-to-order  versus  stock  question  is  more 


likely  to  be  raised  with  slow  movers  rather  than  fast  moving  items 


Obviously,  if  the  carrying  charge  r  is  large,  holding  inventories  becomes 


disadvantageous  and  we  are  pushed  towards  the  made-to-order  decision 


Note  that  in  order  to  compute  the  total  costs  we  need  estimates  for 


all  the  parameters  involved  (yearly  demand,  number  of  orders,  etc.).  The 


required  safety  stock  can  be  taken  from  historical  records,  if  the  product 


was  previously  stocked;  if  not,  an  approximation  can  be  used  in  the  follow- 
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where  k  Is  the  safety  factor,  and  &  is  the  lead  time,  in  months.  This 
approximation  assumes  that  demand  during  the  lead  time  i  is  Poisson;  after 
all,  this  assumption  is  not  that  bad  when  we  recall  that  the  slow  moving 
items  are  the  ones  that  are  more  likely  to  be  involved  in  made- to-order 
versus  stock  decisions. 

One  final  point:  because  of  the  statistical  variations  in  the  under¬ 
lying  data  there  are  induced  fluctuations  in  the  estimates  of  the  parameters 
in  cost  expressions  (176)  and  (177).  It  is  conceivable  that,  when 
parameters'  values  are  revised,  an  item  which  was  previously  made-to-order 
might  be  pushed  into  the  stock  items  class,  or  vice  versa,  solely  because 
of  the  random  fluctuations  in  data.  To  prevent  this  kind  of  unstable 
heavior  Johnson  [1962]  suggests  that,  as  long  as  the  difference  between 
the  values  of  TC^q  and  TCST0CK  does  not  exceed  a  certain  threshold,  the 
sense  of  the  inequality  between  TC^g  and  TCSTOCK  may  be  allowed  to  change 
without  changing  the  classification  the  item  had  before  running  the  test. 

5.2  Continuous  vs.  Periodic  Review  Systems 

The  order  point  -  order  quantity  control  policy  presented  earlier 
assumes  that  the  stock  level  is  exactly  known  at  every  point  in  time;  this 
is  the  only  way  in  which  we  can  tell  when  the  order  point  s  is  reached 
and,  then,  place  a  replenishment  order  for  an  amount  Q.  This  policy  is 
known  under  the  short  name  of  (s,Q). 

In  general,  a  continuous  review  system  is  one  in  which  the  stock 

* 

status  has  to  be  always  known.  In  practice,  rather  than  continuously 
surveying  the  inventory  level,  an  equivalent  approach  is  adopted:  each 
transaction  (taking  orders  from  customers,  shipping,  receiving  stock, 
placing  orders  to  suppliers)  triggers  an  immediate  updating  of  the  inventory 

Zimmermann  [1966]  calls  it  "perpetual  inventory  control  system". 


the  performance  of  the  system,  is  the  current  replenishment  decision. 

It  follows  that,  in  a  periodic  review  system,  the  safety  stock  must  be 
large  enough  to  provide  protection  for  a  length  of  time  JU-R.  Thus,  to 
achieve  the  same  service  level  it  takes  less  safety  stock  in  a  continuous 
system  than  in  a  periodic  system.  This  is  certainly  advantageous  when: 

-  inventory  carrying  charages  are  h^gh  either  because  the  cost  of  the 
controlled  item  is  high  or  because  the  item  requires  special 
conditions  that  makes  stocking  expensive; 

-  the  required  safety  stock  is  relatively  large  due  to  either  a  high 
service  level  desired  by  management  or  because  of  severely  fluctua¬ 
ting  demand  which  results  in  relatively  inaccurate  forecasts. 

If  the  cost  of  operating  a  transactions  reporting  system  is  significant, 
the  alternative  is  a  periodic  review  system.  Basically,  every  R  periods 
the  stock  status  is  reviewed  and  a  decision  is  made  about  how  much  to 
order  (possibly  nothing) .  If  ordering  is  expensive  compared  with  the 
review  costs  one  would  place  an  order  only  if  the  inyentory  level  were 
really  low  at  the  time  of  the  review.  If,  on  the  contrary,  ordering 
costs  are  small  relative  to  review  costs,  one  might  want  to  order  a 
positive  quantity  every  time  a  review  is  conducted  in  order  to  avoid 
having  wasted  the  costly  review. 

In  what  follows  several  basic  policies  are  examined;  each  is 
characterized  by  a  number  of  control  parameters  and  the  purpose  of  the 
presentation  is  to  show  how  to  determine  their  values: 

-  Continuous  review  systems 

* 

-  (s,Q)  policy  -  when  available  inventory  reaches  level  s  order 
Q  units 

_ 

Recall  that  the  available  inventory  is  defined  as  the  inventory  on  hand 
plus  the  amount  on  order  less  the  number  of  units  backordered. 
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status.  For  this  reason  the  continuous  review  system  is  also  known  as 
the  transactions  reporting  system. 

It  is  easy  to  think  of  situations  where  a  continuous  review  system 
is  obviously  not  a  good  choice,  ^or  instance,  if  the  supplier  of  a  line 
of  items  only  accepts  orders  once  a  week  there  is  no  reason  why  we 
should  review  the  stock  of  those  items  more  often,  and  when  we  review 
it  we  should  do  it  right  before  placing  the  order.  Such  a  system,  as 
opposed  to  the  previous  one,  is  called  periodic  review  system  because 
the  stock  status  is  determined  periodically.  The  time  between  two  stock 
reviews  is  the  review  period;  it  spans  R  periods  of  time. 

Before  taking  a  closer  look  at  the  various  policies  that  can  be 
operated  under  the  two  systems,  a  few  more  qualitative  considerations  are 
in  orde,.  here.  Besides  conditions  of  the  sort  shown  above,  there  are 
also  economic  considerations  that  can  make  one  system  look  more  attractive 
than  the  other. 

If  the  review  costs  are  small  (i.e.,  the  processing  of  transactions 
is  inexpensive  compared  with  ordering  costs  and  the  annual  number  of 
transactions  is  small  relative  to  annual  demand  for  the  item)  a  continuous 
review  system  is  preferred  because  it  leads  to  lower  overall  inventories 
than  a  periodic  system.  Indeed,  when  working  with  an  (s,Q)  policy 
sufficient  safety  stock  must  be  provided  to  offer  protection  over  the 
i-period  replenishment  lead  time.  In  a  periodic  review  system  the  situa¬ 
tion  is  different  because  replenishment  decisions  are  made  R  periods  apart 
Suppose  the  current  decision  is  made  at  time  t  (of  course,  taking  into 
account  all  outstanding  orders) ;  everything  ordered  up  to  and  including 
moment  t  is  delivered  to  stock  until  t+f..  The  next  replenishment  decision 
is  made  at  t+R,  with  delivery  t+R+i.  Clearly,  then,  in  time  interval 
[t,  t+R-*-f.]  our  only  opportunity  to  influence  the  stock  level  and,  hence, 
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the  performance  of  the  system,  is  the  current  replenishment  decision. 

It  follows  that,  in  a  periodic  review  system,  the  safety  stock  must  be 
large  enough  to  provide  protection  for  a  length  of  time  £+R.  Thus,  to 
achieve  the  same  service  level  it  takes  less  safety  stock  in  a  continuous 
system  than  in  a  periodic  system.  This  is  certainly  advantageous  when: 

-  inventory  carrying  charages  are  high  either  because  the  cost  of  the 
controlled  item  is  high  or  because  the  item  requires  special 
conditions  that  makes  stocking  expensive; 

-  the  required  safety  stock  is  relatively  large  due  to  either  a  high 
service  level  desired  by  management  or  because  of  severely  fluctua¬ 
ting  demand  which  results  in  relatively  inaccurate  forecasts. 

If  the  cost  of  operating  a  transactions  reporting  system  is  significant, 
the  alternative  is  a  periodic  review  system.  Basically,  every  R  periods 
the  stock  status  is  reviewed  and  a  decision  is  made  about  how  much  to 
order  (possibly  nothing).  If  ordering  is  expensive  compared  with  the 
review  costs  one  would  place  an  order  only  if  the  inventory  level  were 
really  low  at  the  time  of  the  review.  If,  on  the  contrary,  ordering 
costs  are  small  relative  to  review  costs,  one  might  want  to  order  a 
positive  quantity  every  time  a  review  is  conducted  in  order  to  avoid 
having  wasted  the  costly  review. 

In  what  follows  several  basic  policies  are  examined;  each  is 
characterized  by  a  number  of  control  parameters  and  the  purpose  of  the 
presentation  is  to  show  how  to  determine  their  values: 

-  Continuous  review  systems 

-  (s,Q)  policy  -  when  available  inventory  reaches  level  s  order 
Q  units 

■* 


Recall  that  the  available  inventory  is  defined  as  the  inventcty  on  hand 
plus  the  amount  on  order  less  the  number  of  units  backordereo. 
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-  (s,S)  policy  -  when  available  Inventory  becomes  equal  to  or  less 
than  s  order  up  to  level  S 

-  Peridic  review  systems 

-  (nQ,S,R)  policy  -  if,  it  a  review  time,  the  available  inventory 

is  less  than  or  equal  to  s,  an  amount  nQ  is  ordered  (n“l,2,3, . . .) ; 
multiple  n  should  be  such  that,  after  the  order  is  placed,  the 
available  inventory  reaches  a  level  in  the  interval  (s,s+Q]. 

If  available  inventory  is  greater  than  s  no  order  is  placed. 

-  (S,R)  policy  -  at  each  review  time  a  sufficient  quantity  is 
ordered  to  bring  the  level  of  the  available  inventory  up  to  a 
level  S 

-  (s,S,R)  policy  -  if,  at  a  review  time,  the  available  inventory 
is  less  than  or  equal  to  s  a  sufficient  quantity  is  ordered 

to  bring  the  level  of  the  available  inventory  up  to  S;  otherwise 
no  order  is  placed. 

Clearly,  under  the  assumption  of  continuous  and.  deterministic  demand 
there  is  no  difference  between  the  two  systems;  differences  appear, 
however,  for  stochastic  demands. 

Discussions  on  these  policies  are  conducted  under  the  assumption  that 
the  probability  distribution  of  demand  is  stationary. 

Notes  on  multi-echelon  systems  and  on  control  policies  for  the  case 
of  dynamic  demand  patterns  are  included  in  section  5.5. 

In  general,  the  exact  formulation  of  the  operation  of  an  inventory 
system  tends  to  lead  to  rather  involved  models  that  require,  in  most  cases, 
a  computer  and  appropriate  search  routines  or  iterative  schemes  to  obtain 
the  optimal  values  of  the  control  variables.  We  have  already  seen  it  in 
the  case  of  an  (s,Q)  policy,  the  simplest  of  all  control  policies,  where 
the  Poisson  generated  demands  (section  4.3.1)  yielded  a  fairly  complicated 
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cost  function.  Even  if  we  treat  the  simpler  case  of  normally  distributed 
demands,  the  exact  formulation  still  raises  computational  problems  (see 
Hadley  and  Whitin  [1963,  ch.  4—9 ] ) ;  the  situation  becomes  that  more  serious 
as  these  problems  are  amplified  by  the  number  of  items  in  the  controlled 


inventory.  Moreover,  some  problems,  like  the  lost  sales  case  when  more 
than  one  order  is  outstanding,  still  la<-k  a  satisfactory  exact  treatment. 

For  these  reasons  we  hold  the  view  that,  for  routine  use,  heuristic 
approximate  formulations,  which  yield  operational  decision  rules  with 
minimum  cost  penalties  for  missing  the  mathematical  optimum,  are 
recommended.  At  the  same  time  we  have  to  acknowledge  the  basic  theoretical 
body  of  work  on  inventory  control  policies  since,  although  the  results 
might  be  too  sophisticated  for  day-to-day  use  by  most  companies,  their 
value  is  qualitative  in  that  they  show  the  structure  of  the  optimal 


solution  to  be  followed  and  how  various  parameters  affect  the  system's 
controls. 


5.3  Continuous  Review  Systems 


5.3.1  Order  Point  -  Order  Quantity,  (s.O),  Polic> 


We  are  already  familiar  with  this  policy  since  it  has  been  extensively 
assumed  in  our  treatment  of  the  safety  stocks.  Figure  22  gives  a 
graphical  representation  of  how  the  available  (AI)  and  on  hand  (OH)  inven¬ 
tory  vary  with  time  under  an  (s,Q)  policy. 

The  setting  of  the  two  control  variables  s  and  Q  has  been  discussed 
in  sections  A. 2  and  A. 3,  i.e.,  either  Q  is  computed  as  the  economic 
order  quantity  and  the  order  point  s  is  determined  afterwards,  or  Q  and 
a  are  calculated  jointly. 

One  form  of  physical  materialization  of  the  (s,Q)  model  is  the  "two- 
bin  system",  largely  applicable  to  class  C  items.  The  stock  of  an  item 
is  stored  in  two  bins.  One  of  them,  usually  larger,  is  the  working  bin 
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Figure  22:  Inventory  pattern  under  (s,<))  policy 


from  which  demand  is  currently  served  without  requisitions  or  paper  work. 
The  second  bin  is  opened  when  the  working  bin  becomes  empty;  at  the  same 
time,  when  this  second  bin  is  opened,  a  replenishment  order  for  the  item 
is  released.  Clearly,  the  amount  of  stock  in  the  second  bin  materializes 
the  order  point.  When  the  order  comes  in  the  second  bin  is  refilled  first, 
and  the  excess  amount  is  put  into  the  working  bin.  Since  this  system 
works  properly  only  if  there  is  no  more  than  one  order  outstanding  at  any 
point  in  time,  it  is  recommended  that  the  order  quantity  should  last  much 
longer  than  the  replenishment  lead  time.  The  order  point  should  be 
set  so  as  to  offer  a  high  service  level  (recall  that  C  items  are  cheap) 
to  compensate  for  the  rather  loose  control. 

Before  closing  this  problem  we  want  to  reiterate  the  idea  that,  when 
the  integrality  of  demand  is  taken  into  account,  the  (s,0)  policy  works 
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properly  only  if  demand  occurs  one  unit  at  a  time.  If  the  size  of  the 
demand  transactions  is  random,  it  is  possible  to  overshoot  the  order  point. 

It  is  conceivable  that,  in  the  case  of  an  unusually  large  overshoot,  the 
placing  of  an  order  ot  size  Q  might  not  be  able  to  raise  the  available 
inventory  level  above  s.  Hence,  the  available  inventory  will  never 
cross  the  order  point  again,  no  order  will  ever  be  released  any  more, 
and  the  operation  of  the  inventory  system  will  be  seriously  disturbed. 

5.3.2  (s,S)  Policy 

For  situations  in  which  the  number  of  units  per  demand  transaction  is 
a  random  variable  the  (s,S)  policy  is  preferred  to  (s,Q).  This  is  so 
because,  even  if  an  overshoot  occurs  at  the  time  when  the  need  to 
replenish  is  recognized,  the  order-up-to  S  system  restores  the  deficit. 

The  replenishment  quantity  varies  depending  on  how  large  the  overshoot  is; 
in  Figure  23  the  placing  of  two  replenishment  orders,  of  differing  sizes 
and  Q^,  is  illustrated. 

A  case  in  which  an  (s,S)  policy  is  the  obvious  choice  of  a  continuous 

review  system  is  the  replenishment  control  for  lumpy  items. 

The  (s,S)  policy  receives  considerable  attention  by  Arrow,  et  al .  [1958] 

One  of  the  difficulties  associated  with  modelling  it  is  finding  the 

probability  distribution  of  the  overshoots,  as  this  depends  on  the  S-s 

difference  and  on  the  probability  distribution  of  the  number  of  units  in 

a  demand  transaction.  Karlin  [1958]  derives  the  distribution  of  overshoots 

under  the  reasonable  assumption  that  the  average  demand  transaction  size 

is  substantially  smaller  than  the  amount  S-s.  Once  this  is  established, 

the  two  controls  s  and  S  can  be  determined  along  lines  similar  to  safety 
* 

stock  calculations.  This  procedure  may  be  justified  when  we  are  dealing 
with  fairly  expensive  items. 

7 


Peterson  and  Silver  [1979,  ch.  14-2]  develop  an  approximate  formulation 
of  the  problem  and  its  solution. 
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Real  world  inventory  systems  tend  to  operate  heuristic  versions  of 
the  (s,S)  policy.  While  retaining  the  essence  of  (s,S),  namely  that  to 
make  up  for  overshooting  the  order  point  one  orders  up  to  S,  the  two 
control  variables  s  and  S  are  determined  using  the  (s,Q)  model.  The 
basic  assumption  of  this  approach,  which  in  most  cases  turns  out  to  be 
correct,  is  that  large  overshoots  are  quite  improbable  and,  therefore, 
neglecting  the  overshooting  phenomenon  is  a  reasonable  approximation. 

Thus,  Q  is  set  equal  to  the  economic  order  quantity  (section  2), 
then  the  order  point  s  is  calculated  according  to  section  4,  and  finally 
the  value  of  S  is  determined  by:  S  =  s+Q.  If  more  precision  is  required 
and  the  added  sophistication  is  warranted,  Q  and  s  are  computed  jointly 
rather  than  sequentially. 
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5.4  Periodic  Review  Systems 

5.4.1  (nQ,s,R)  Policy 

The  (nQ,s,R)  policy  is  a  periodic  adaptation  of  the  order  point  -  order 
quantity  (s,Q)  model.  Thus,  the  inventory  is  reviewed  every  P.  periods  of 
time  (rather  than  continuously);  if  the  available  inventory  is  less  than 
or  equal  to  s,  an  order  of  size  nQ  (n=l,2,3, . . .)  is  placed,  otherwise 
nothing  is  ordered.  Ordering  a  multiple  nQ  comes  in  recognition  of  the 
fact  that,  because  of  the  periodic  nature  of  the  system,  overshoots  of  the 
order  point  may  take  place  even  if  the  demand  transactions  are  unit  sized. 
Therefore,  ordering  nQ  rather  than  Q  is  meant  to  restore  the  deficit  by 
raising  the  available  inventory  level  above  s  in  the  interval  (s,s+Q]. 

An  extensive  theoretical  treatment  of  the  (nO,s,R)  model  is  conducted 
by  Hadley  and  Whitin  [1963,  ch.  5-3  to  5-5]  under  Poisson  as  well  as 
Normally  distributed  demands.  The  computational  procedures  to  determine 
the  optimal  control  parameters  Q,  s,  and  R  turn  out  to  be  quite  complicated, 
requiring  a  computer  and  appropriately  designed  search  procedures. 

In  general,  in  the  real  world  the  (nQ,s,R)  policy  has  gained  much 
less  acceptance  than  the  (s,S,R)  and  (S,R)  models.  One  reason  can  be 
that  an  (s,S,R,)  type  of  control  policy,  although  by  no  means  computationally 
simple,  is  expected  in  general  to  yield  a  lower  average  annual  cost  than 
(nQ,s,R).  Secondly,  the  (S,R)  policy  is  easier  computationally  than 
both  (nQ,s,R)  and  (s,S,R).  Moreover ,  when  ordering  costs  are  relatively 
low  compared  to  review  costs,  one  would  tend  to  order  every  time  a  review 
is  made  and,  therefore,  in  such  a  case  the  (S,R)  policy  is  essentially 
optimal  besides  being  computationally  easier. 

5.4.2  (S,R)  Policy 

In  practical  applications  (S,R)  is  the  most  largely  used  periodic 
review  policy.  It  works  as  follows:  every  R  periods  of  time  the  inventory 


'iS  ■'  r;  V 

I MLi  .  - 


is  reviewed  and  an  order  is  placed  so  as  to  make  the  available  inventory 
level  equal  to  S. 

Its  wide  acceptance  is  due  to  several  advantages: 

-  its  operation  is  simple  ar.d,  therefore,  it  is  easily  understood  by 
clerical  personnel; 

-  the  computation  of  the  controls,  S  and  R,  is  simpler  than  with 
other  periodic  review  policies,  especially  in  the  heuristic  version 
of  the  policy; 

-  it  results  in  a  predictable  work  load  on  the  purchasing  or  production 
scheduling  departments  as  opposed  to  the  (nQ,s,R)  and  (s,S,R)  policies 
where  the  number  of  orders  released  at  a  review  time  fluctuates 
depending  on  the  relative  positions  of  the  available  inventories  with 
respect  to  the  order  points. 

As  mentioned  earlier,  however,  the  (S,R)  policy  is  not  universally 
recommended.  Indeed,  if  ordering  cost  is  high  one  may  save  by  not  placing 
an  order  at  every  review  time  but  rather  only  then  when  inventory  is  low 
and  a  replenishment  is  required  in  order  to  avoid  a  stockout  situation. 

Figure  24  pictures  the  time  behavior  of  inventories  resulting  from 
an  (S,R)  policy.  Clearly,  the  size  of  each  replenishment  order  is  equal 
to  the  demand  during  the  preceding  review  interval  (see  point  N) . 

The  order  placed  at  time  t  (point  M)  arrives  at  t+£.  The  next  order 
will  arrive  at  t+S.+R.  Hence,  whether  a  stockout  condition  develops  between 
t+i.  and  t+H+R  it  all  depends  on  the  replenishment  decision  made  at  t.  The 
problem  is,  then,  very  much  similar  to  the  setting  of  safety  stocks  in  an 
(s,Q)  system,  i.e.,  for  a  given  time  R  between  reviews  find  the  order-up- 
to-level  S  which  provides  adequate  protection  against  stockouts  over  a 
time  span  of  t+R  periods,  without  building  unneeded  inventory. 

The  exact  cost  equations  for  the  (S,R)  policy  are  formulated  by  Hadley 


Figure  24:  Inventory  pattern  under  (S,R)  policy  - 

and  Whitin  [1963,  ch.  5-6]  for  two  cases:  Poisson  and  normally  distributed 
demands.  Both  cases  are  shown  to  be  particular  instances  of  the  (nQ,s,R) 
models:  for  the  Poisson  demand  make  Q=1  and  s+l=S  in  the  corresponding  (nQ,s,R) 
equations,  and  for  the  normal  case  set  s=S  and  take  the  limit  as  Q+0.  The 
resulting  relations  for  the  determination  of  the  two  controls,  S  and  R,  are 
too  complicated  to  be  of  real  practical  use  for  routine  applications. 

We  present  below  an  approximate  heuristic  treatment  of  the  (S,R) 
policy  which  yields  simpler  results  under  a  set  of  reasonable  assumptions. 

Thus,  assume  that: 

-  demand  is  a  continuous  variable  whose  probability  distribution  is 


stationary; 
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-  the  replenishment  lead  time  Is  a  constant; 

-  units  demanded  and  out  of  stock,  are  backordered;  backorders,  however, 
are  expensive  and,  therefore,  average  shortages  are  considered 
negligibly  small  relative  to  the  on  hand  Inventory; 

-  the  cost  of  making  a  review  or,  In  general,  the  cost  of  the  control 
system,  is  independent  of  the  values  of  the  control  variables  S  and 


R. 

The  following  notations  are  used: 

D  “  average  demand  rate,  units  per  year 
A  *»  ordering  cost,  dollars  per  order 
J  “  cost  of  making  a  review,  dollars  per  review 
C  **  unit  cost,  dollars  per  unit  of  item  (no  quantity  discounts) 
r  ■  inventory  carrying  charge,  do'llars/dollar/year 

cg  »  shortage  cost  incurred  by  the  system  for  every  unit  backordered, 
dollars/unit 

d^+R  =  demand  over  the  replenishment  lead  time  plus  review  interval; 
it  is  a  random  variable  having  the  density  function  f (d^+^) 
with  a  mean  d^+R  and  a  standard  deviation  of  the  forecast 
errors  over  a  replenishment  lead  time  plus  a  review  interval 
of  Evidently,  density  f (d^+R)  depends  on  both  i.  and  R. 

The  relevant  costs  are:  the  ordering,  review,  inventory  carrying  and 
backordering  costs;  we  seek  to  minimize  their  total  over  a  span  of  one  year 
by  appropriately  setting  S  and  R. 

Since  demand  has  a  continuous  density  function  the  probability  of  no 
demand  occurring  during  a  review  interval  is  zero;  therefore,  an  order  is 
placed  with  each  review  and: 


(178) 


Expected  annual  costs 
of  ordering  and  review 


A+J 

R 


where  R  is  expressed  in  years. 


As  the  demand  rate  has  a  constant  mean,  inventory  varies  on  the 
average  linearly  between  a  maximum  (just  after  a  replenishment  arrives) 
and  a  minimum  (just  before  a  replenishment  arrives). 

Point  W  in  Figure  24  illustrates  a  maximum: 


Expected  inventory  just 
after  a  replenishment  arrives 


S  -  d,+R  +  D-R 


where  the  product  D*R  yields  the  demand  during  the  review  interval. 
Point  V  illustrates  a  minimum: 


Expected  inventory  just 
before  a  replenishment  arrives 


=  S  -  d„ 


By  neglecting  the  backorders,  according  to  one  of  our  assumptions, 
the  hali.  way  between  the  above  maximum  and  minimum  can  be  regarded  as 
closely  approximating  the  average  on  hand  inventory;  then: 

(181)  Expected  annual  =  (S  _  d  + 

inventory  holding  cost  £+R  2 

Backorders  occur  whenever  demand  during  the  replenishment  lead  time 
plus  a  review  interval  exceeds  S.  Then  (see  section  4.2.1): 


<182)  J3SSSTS i.  ■  f f  'Vr  - 


The  total  annual  cost  TC  is  the  sum  of  (178),  (180),  and  (182). 

If  the  review  interval  R  is  given,  the  optimal  order-up-to-level  S  results 
from: 

(183)  am.  .  rc  -  ^  sr  -  » 

Let  FI (S)  -  s/°°  f  (di+R)d(d^+R) ,  i.e.,  the  complement  of  the  cumulative 

"v 

of  f(d.,_).  Then,  S  ,  the  optimal  value  of  S,  is  the  solution  of: 

X+K  O 
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(184)  n(S)  -  — 

c 

s 

This  result  Is  strikingly  similar  to  (135)  in  which  Q/D,  the  duration 
of  a  cycle,  is  the  analogue  of  the  review  interval. 

The  review  interval  R  could  be  the  result  of  conditions  external  to 
the  model;  e.g.,  our  vendor  can  accept  our  orders  only  every  second  Monday. 

If  this  is  not  the  case,  R  can  be  derived  from  the  economic  order 
quantity  EOQ  expressed  as  a  time  supply:  R  *  When  computing  the  value 

of  the  EOQ  the  fixed  cost  J  of  making  a  review  must  be  added  to  the  ordering 
cost  A.  Of  course,  the  resulting  value  of  R  should  be  adjusted  so  as  to 
fit  the  modus  operand!  of  the  department  which  is  in  charge  of  inventory 
control. 

St*ll  another  alternative  is  to  determine  the  optimal  R  and  S  jointly. 

3  (TC) 

This  requires  the  simultaneous  solution  of  (184)  and  — .  ■  ■■  =  0.  Since 

oR 

desnity  f (d^^)  depends  on  the  review  interval  R,  this  case  is  computationally 
more  involved  than  the  previous  situation  in  which  R,was  exogenously  deter¬ 
mined.  To  solve  use  some  numerical  technique.  A  simple  approach  is  the 
following:  for  each  of  a  set  of  values  R  ,  R2>  R.^,  ...,  calculate  the 
optimal  Sq  by  use  of  (184).  Plot  the  total  cost  TC  as  a  function  of  R, 
using  the  corresponding  Sq  for  the  given  R  to  compute  TC.  From  the  plot 
find  the  optimal  R. 

To  treat  the  lost  sales  case  we  have  to  rewrite  the  inventory  holding 
cost  equation  (181).  In  the  backorders  situation,  when  shortages 
developed,  part  of  the  incoming  replenishment  was  used  to  satisfy  the 
unfilled  orders.  This  is  not  the  case  under  the  lost  sales  assumption  as 
shortages  are  not  backlogged;  therefore,  on  hand  inventories  are  larger  by 
the  average  amount  of  units  out  qf  stock  in  a  review  cycle. 


Expected  number  of  units 
short  per  review  interval 


Expected  annual 
inventory  holding  cost 


Continue  to  consider  c  as  the  cost  of  one  unit  out  of  stock.  Then,  the 


total  annual  cost  TC  is  obtained  by  summing  up  (178) ,  (182) ,  and  (186) 


For  a  given  R,  the  optimal  value  of  S  is  a  solution  to  the  first  order  condition 


d  (TC) 
dS 


which  yields 


where,  •’s  defined  earlier,  II (S)  is  the  complementary  cumulative  of  f(d.  ) 


In  order  to  avoid  costing  out  shortages  explicitly,  the  order-up-to-level 


S  can  be  determined  by  means  of  prespecified  service  level  considerations 


For  this  purpose  it  is  advantageous  to  think  of  the  expected  inventory  just 


before  a  replenishment  arrives  as  a  safety  stock  for  a  time  span  of  +R 


it  follows  that 


where  SS  stands  for  the  safety  stock 


we  conclude  that  S  should  be  set  equal  to  the  maximum  reasonable  demand 


during  a  replenishment  lead  time  plus  a  review  interval. 

It  is  again  reasonable  to  link  the  safety  stock  to  the  standard  deviation 


of  the  forecast  errors  over  a  lead  time  plus  a  review  interval  through 


a  safety  factor  k 
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S  “  dJLfR  +  k°£+R 


and  the  general  expression  (185)  changes  to: 

(191)  Expected  number  of  units 
short  per  review  interval 


d£+R+k0i,+R 


i,+R  ~  ^d£4*+k0E+R^f  *dfc+R^d£+R^ 


For  fast  moving  items  under  normally  distributed  forecast  errors  (see 
section  A. 2.1)  we  obtain  the  particular  expression: 


Expected  number  of 
units  short  per  review 
interval  under  Normal  distribution 


Vr«» 


For  slow  moving  items,  if  the  Laplace  distribution  applies  (see 
section  4.3.1),  (191)  becomes: 


Expected  number  of  0£.+R  -JT  k 

units  short  per  review  ■  -  e 

interval  under  Laplace  distribution  2  /2 


By  similarity  with  the  developments  of  section  4.2.2,  for  a 
given  review  interval  R  and  a  prespecified  measure  of  the  service  level, 
the  value  of  the  safety  factor  k  can  be  determined,  and  the  order-up-to- 
level  S  can  be  set  accordingly  by  equation  (190) . 

Extensions  of  the  (S,R)  policy  to  cover  the  case  of  stochastic 

replenishment  lead  times  are  provided  by  Hadley  and  Whitin  [1963,  ch.  5-2] 

under  the  assumption  that  orders  cannot  cross,  i.e.,  the  lower,  £  ^n,  and 

the  upper,  £  ,  limits  to  the  possible  range  of  lead  time  values  are  such 

that  £  <  £  .  +R. 

max  min 


5.4.3  (s,S,R)  Policy 

When  placing  of  an  order  is  expensive,  it  may  be  advantageous  not 
to  order  at  every  review  time,  with  the  purpose  of  saving  on  ordering 
costs.  The  way  the  (s.S,R)  policv  works  is  then:  at  every  review  time,  the 
level  of  the  available  inventory  is  compared  with  s;  if  less  than  or  equal 
to  s  a  sufficient  quantity  is  ordered  to  raise  the  'available  inventory  up 
to  S,  if  greater  than  s  no  order  is  released  (Figure  25). 


Figure  25:  Inventory  pattern  under  (s,S,R)  policy 


The  optimality  of  this  policy  is  studied  by  Scarf  [1960],  following 
earlier  work  by  Arrow,  Harris,  and  Marschak  [1951],  and  by  Dvortezky,  Kiefer 
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and  Wolfowitz  [1953];  see  also  Zabel  [1962]. 

Under  the  assumptions  of  a  constant  replenishment  lead  time  l, 
backordering  of  unfilled  demand,  and  constant  unit  cost  for  the  controlled 
item.  Scarf  [1960]  proves  that  the  (s,S,R)  policy  is  optimal  if  function 
g(x;R)  is  convex  and  differentiable  everywhere  with  respect  to  x.  Function 
g(x;R)  is  defined  as  follows:  given  a  given  review  interval  R,  if  t  is  a 
review  time  for  the  system  and  x  is  the  available  inventory  after  ordering 
a  quantity  Q  ^  0,  g(x,R)  is  the  sum  of  the  expected  carrying  and  backorder 
costs  incurred  in  the  period  from  t+S.  to  t+£+R  and  discounted  to  time  t 
by  a  positive  interest  rate.  The  vehicle  of  the  study  is  a  dynamic 
programming  model  developed  over  an  n-period  planning  horizon  (for 
convenience  a  period  is  redefined  as  spanning  the  time  of  a  review  interval). 
We  present  the  results  briefly  below. 

Consider,  then,  that  t  is  a  review  time  for  the  system;  also,  t  works 
the  beginning  of  period  j . 

(194)  F  (y+Q;R)  =  min  |j  +  A6(Q)  +  CQ  +  g,(y+Q;R)  + 

J  Q>0  L  J 

+  ■  / 

with  j=l,2,...,n;  F  (•)  =  0;  6(0)  =  0,  6(Q)  =  1  when  Q  >  0. 
n+i 

The  recurrence  relationship  •  (194)  calculates  the  total  discounted 
costs  if  an  optimal  quantity  Q  is  ordered  as  time  t  and  at  all  future 
review  times,  y  is  the  available  inventory  at  time  t  before  any  order  is 
placed;  after  ordering,  the  inventory  level  becomes  y-K). 

The  discount  factor  a,  0  <_  a  <_  1,  gives  the  present  worth  at  time  t 
of  the  costs  evaluated  at  t+R. 

dR  is  the  demand  occuring  in  a  period  of  length  R;  its  probability 
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distribution  is  described  by  the  density  f  (dD) . 

K 

All  other  notations  are  the  same  as  in  section  5.4.2. 

Scarf's  proof  is  based  on  showing  inductively  that  the  following 
function  is  A-convex  if  g(x;R)  is  convex  in  x  and  differentiable  everywhere: 

(195)  G(x;R)  =  Cx  +  g(x;R)  +  a  J*  F(x-dR)f (dR)d(dR) 

G(x;R)  is  A-convex  in  x  (A  is  the  cost  of  placing  an  order)  if  for 
any  a  £  0: 

(196)  A  +  G(a+x;R)  -  G(x;R)  -  aG'(x;R)  >  0 


where  G'  indicates  the  derivative  with  respect  to  x. 

Notice  that  (196)  does  not  imply  convexity  for  G(x;R).  Therefore, 
G(x;R)  can  have  a  shape  as  shown  in  tigure  26,  with  several  local  minima. 


sq  and  denote  the  optimum  control  variables  of  the  (s,S,R)  policy. 


In  the  n-period  dynamic  programming  model  a  G^(x;R)  function  can  be 


written  for  each  ppriod  j=l,2 . .  the  optimal  policy  in  period  j  is 


characterized  by  two  numbers  s0j>^0j.  Then,  if  available  inventory  y^ 


prior  to  the  placing  of  any  order  is  less  than  or  equal  to  soj  order  up 


to  S  .  because  G, (y.;R)  >  G. (S  ,)  +  A;  if  y  >  s  .  do  not  order  since 
°J  j  J  ~  j  oj  oj 


Gj^R)  <  Gj  (SQj)  +  A. 


Although  local  minima  and  maxima  may  exist,  an  A-convex  function  may 
not  display  a  behavior  like  that  of  Figure  27.  It  is  easy  to  show  that 
point  M,  a  local  maximum,  leads  to  a  violation  of  the  A-convexity  property. 


Indeed,  set  x  ■  m  and  a  ■*  S  -m;  as  G' (m;R)  =  0  relation  (196)  becomes 

o 


A  function  f(x)  is  convex  if  for  any  x^,  X2  and  any  8,  0  £  8  £  1,  the  follow¬ 
ing  holds:  flBx^  +  (1-B)x2l  £  Bf (x^)  +  (1-B)f(x2).  An  equivalent  definition 
of  convexity  is  that  for  any  a  £  0  we  have:  f (a+x)  -  f (x)  -  af'(x)  _  0, 
where  f'  is  the  derivative  of  f (x)  with  respect  to  x. 


.  -.1  ^  .A 
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A  +  G(Sq;R)  >  G(m;R),  which  is  obviously  a  contradiction.  More  generally, 

if  S  .  is  a  local  minimum  of  G(x;R),  there  may  be  no  local  maximum  at 
min 

a  point  x  <  S  if  G(x  ;R)  >  A  +  G(S  ;R). 
r  max  min  max  min 

Notice  that  in  the  case  of  figure  27  an  (s,S,R)  policy  vould  not 

be  optimal.  Rather,  the  best  ordering  policy  would  be:  if  y  <_  s^  order 

up  to  S  ;  if  s ,<  y  <  s,  do  not  order;  if  s,  <  y  <  s,  order  a  quantity 
O  1  L  2  —  —  J 

S  -y;  if  y  >  s,  do  not  order, 
o  3 

* 

In  general  function  g(x;R)  is  convex  and,  therefore,  we  expect 
an  (s,S,R)  policy  to  be  optimal. 

However,  if  the  unit  cost  of  the  item  is  not  a  constant  (e.g.,  quan¬ 
tity  discounts)  it  is  not  rue  that  (s,S,R)  should  still  be  optimal 

The  above  results  make  it  clear  why  the  (S,R)  policy  is  not  an  optimal 
policy  unless  A  =  0.  From  Figure  26  it  is  apparent  that  the  optimal  Sq 
is  the  minimizing  value  of  _  in  (195)  and  the  reorder  point  sq  is  such 
that  G(sq)  =  G(Sq)  +  A.  Then,  for  A  =  0  we  have  s^  =  which  yields  an 
(S,R)  policy. 


For  the  infinite  period  problem  (which  can  be  obtained  as  a  limiting 
case  by  letting  the  number  of  periods  n-*”) ,  under  Scarf's  assumptions  and 
if  demands  are  independent  identically  distributed  random  variables  in 
each  period,  there  is  an  optimal  stiationary  (s,S,R)  policy,  i.e.,  s^  =  s 
and  Sj  =  S  in  all  periods  (Iglehart  [1963a],  [1963b]). 


We  expect  g(x;R)  to  be  convex  for  the  following  reason:  if  the  intial 
inventory  is  low  the  expected  costs  tend  to  be  high  because  of  the  rela¬ 
tively  large  number  of  backorders.  As  x  increases,  the  backorders 
situation  improves  and  costs  go  down.  But,  beyond  a  certain  point,  a 
further  rise  in  x  causes  the  inventory  holding  charges  to  go  up  and 
eventually  outweigh  the  reduction  in  backorder  penalty,  thus  inducing 
an  increase  in  g(x;R). 
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Theoretically,  one  would  find  the  solution  to  the  recurrence  equation 

(194)  for  a  given  R  and  discount  rate  a,  to  obtain  the  amount  to  be 

ordered  Q  as  a  function  of  the  initial  inventory  y.  In  the  steady  state 

case  with  an  infinite  number  of  periods,  the  ensuing  functional  equation 

has  to  be  solved  or,  if  an  approximation  is  acceptable,  an  n-period  system 

(with  n  large)  can  be  used  instead.  The  optimal  function  Q  )y;R)  yields 

o 

then  the  optimal  s^  and  (see,  for  instance,  Hadley  and  Whitin  [1963, 
ch.  8-5]).  To  also  optimize  with  respect  to  R,  different  values  of  the 
review  interval  have  to  be  tried.  In  the  real  world  the  choice  of 
values  for  R  is  limited  by  organizational  considerations,  relations  wtih 
suppliers  and  customers,  etc. 

An  alternative  approach  to  computing  the  optimal  values  of  s  and  S 
under  stationary  demand  is  to  minimize  the  expected  costs  (review  and 
ordering  plus  inventory  holding  and  backorder  costs)  per  unit  time. 

Markov  chain  theory  or  renewal  processes  are  used  by  various  authors  to 
obtain  average  cost  formulas:  Arrow,  Harris,  and  Marschak  [1951], 

Karlin  [1958],  Wagner,  O'Hagan,  and  Lundh  [1965],  Veinott  and  Wagner 
[1965].  Hadley  and  Whitin  [1963,  ch.  5-9]  derive  the  average  annual  cost 
by  computing  the  expected  cost  per  replenishment  cycle  (i.e.,  the  time 
between  the  placing  of  two  consecutive  orders)  and  then  dividing  by 
the  average  length  of  a  cycle.  Thus  they  make  use  of  a  basic  result  of 
renewal  theory  (Karlin  and  Taylor  [1975,  ch.  5])  by  which  the  long  run 
expected  costs  per  unit  time  =  (expected  costs  per  cycle) / (expected  length 
of  the  cycle). 

As  a  general  rule,  solving  whichever  approach  is  taken  is  difficult 
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computationally,  especially  when  thinking  in  terms  of  systems  of  realistic 
size  (thousands  or  even  more  items  to  be  controlled) .  As  with  other  order¬ 
ing  policies,  this  has  encouraged  the  development  of  approximate  heuristic 
approaches:  Wagner,  O'Hagan  and  Lundh  [1965],  Snyder  [1974],  1’addor  [1975], 
Peterson  and  Silver  [1979,  ch.  8.9]. 

The  two  control  variables  s  and  S  should  have  some  safety  and  economic 
features  and,  in  principle,  can  be  thought  of,  from  a  pragmatic  point  of 
view,  as  follows:  the  order  point  s  represents  an  inventory  level  which, 
if  at  the  current  review  time  no  order  is  placed,  should  be  large  enough 
to  satisfy  the  maximum  reasonable  demand  during  a  review  interval  R  plus 
a  replenishment  lead  time.  When  an  order  is  released  it  has  to  satisfy  an 
economic  criterion  and,  therefore,  the  amount  ordered  is  some  sort  of 
economii.  order  quantity.  The  time  span  covered  on  the  average  by  this 
quantity  has  to  be  an  integer  number  of  review  intervals.  Then,  the 
order-up-to-level  S  is  obtained  by  adding  to  s  the  economic  order  quantity. 

In  industrial  settings  it  is  often  true  that  review  costs  are  relatively 
high  and,  therefore,  it  is  common  to  find  review  intervals  large  enough 
so  that  an  order  is  placed  at  every  review  time  with  either  an  (S,R)  or 
(s.S.R)  policy.  Hence,  also  considering  the  computational  advantage,  one 
would  expect  to  find  that  for  practical  implementations  the  (s,S,R)  policy 
is  replaced  by  the  (S,R)  policy  without  important  deviations  from  optimality. 

On  the  other  hand,  if  ordering  costs  are  high  relative  to  the  review 

costs,  in  which  case  an  (s,S,R)  policy  is  definitely  more  economical  than 

(S,R),  the  question  can  still  be  raised  whether  it  is  not  advantageous  to 
_ 

Under  the  assumption  of  exponentially  distributed  demand  per  time  period 
Karlin  [1958]  obtains  simple  expressions  for  s  and  S.  Thus,  S  =  s+Q, 
where  Q  is  given  by  the  classical  Wilson  lot  size  formula,  and  s  results 
from  an  exponential  expression.  However,  the  result  presents  interest 
rather  from  a  theoretical  point  of  view,  because  the  exponential  distribu¬ 
tion  is  not  a  good  match  for  the  probability  distribution  of  demand  per 
period. 
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switch  over  to  a  continuous  review  system  rather  than  using  periodic 
review. 


5.5  Other  Issues  Ip  Inventory  Control  Systems 

In  the  preceding  sections  we  have  confined  our  presentation  to  some 
fundamental  problems  in  single  item,  single  stocking  point,  stationary 
demand  inventory  control  systems,  emphasizing  the  need  for  operational 
replenishment  policies  which,  while  skirting  undue  computational  difficulties, 
would  still  maintain  the  essence  of  theoretically  proved  optimal  decisions. 

As  soon  as  the  aforementioned  assumptions  are  relaxed  other  control 
policies  emerge.  In  section  2.3  we  h«,e  seen  some  cases  of  multiple  items 
sharing  the  same  equipment  or  replenished  under  aggregate  constraints. 

Other  joint  replenishment  systems  are  possible.  For  example,  consider  a 
family  of  m  items;  in  order  to  replenish  any  one  item  of  the  family,  a  major 
setup  cost  A  is  incurred  at  the  family  level  and  a  minor  setup  cost  a^  is 
involved  in  including  item  i  in  the  order.  Suppose  a  periodic  review  system 
is  used,  with  coordinated  (s^,S^,R)  ordering  policies,  according  to  which 
each  item  has  its  individual  order  point  s^  and  order-up-to-level  S^,  but 
the  review  interval  R  is  the  same  for  all  items.  For  any  given  R  the 
control  variables  s^  and  S^,  i=l,2,.,.,m,  have  to  be  optimal,  as  discussed 
in  section  5.4.3.  The  best  R  is  determined  by  search  so  as  to  minimize 
the  total  expected  costs  of  the  system  (review,  ordering,  inventory  holding, 
and  shortage  costs). 

A  special  type  of  continuous  review  (s,S)  system  developed  for  the 
case  of  a  family  of  coordinated  items  is  the  can-order  (s,c,S)  policy. 
(Balintfy  [1964],  Maher,  et  al.  [1973],  Silver  [1974]).  If  an  item  has 
to  be  ordered,  the  major  family  setup  is  incurred  in  excess  of  the  minor 
setup  a^  charged  if  item  i  is  included  in  the  replenishment.  Each  item 
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has  its  individual  controls  <  c^  <  S^,  i=l,2,...,m.  (s,c,S)  operates 

as  follows:  when  the  available  inventory  of  some  item  i  becomes  equal  to 
or  smaller  than  an  order  is  released  for  an  amount  sufficient  to  bring 
the  inventory  level  up  to  S^.  At  the  same  time,  if  any  other  item  j  of 
the  family  has  its  available  inventory  at  or  below  c^  it  is  included  in 
the  order  with  a  quantity  large  enough  to  raise  the  inventory  level  to  . 

Hence,  c^  is  called  the  "can-order  point"  and  the  policy  is  named  accord¬ 
ingly.  The  idea  is  then  evident:  if  at  the  time  when  a  major  setup  is 

incurred  item  j's  inventory  is  at  Cj  or  lower,  this  is  a  signal  that 

* 

pretty  soon  item  j  itself  will  reach  its  order  point  s^  and  trigger 
a  replenishment  order  and  the  associated  major  setup.  Thus,  in  order  to 
avoid  an  excessive  number  of  major  setups  the  (s,c,S)  policy  allows  an  item 
to  be  ordered  even  if  it  has  not  reached  the  order  point  s. 

If  the  single  stocking  point  assumption  is  dropped,  the  multi-echelon 
situation  has  to  be  modelled.  Multi-echelon  distribution  networks  and 
multi-stage  production  systems  are  the  two  broad  classes  of  problems  under 
this  heading,  and  their  vastness  prohibits  any  attempt  to  treat  the  topic 
in  this  chapter;  rather,  a  few  notes  are  made  and  starting  references  are 
provided  for  the  interested  reader. 

A  "stage",  "location",  or  "echelon"  is  any  physical  point  at  which 
inventories  may  be  held.  In  the  field  of  production  systems,  the  terms 
"stage",  "facility",  and  sometimes  "station"  are  interchangeably  used. 

A  multi-echelon  distribution  system  involves  transfers  of  goods  between 
locations,  exogenous  sources,  and  customers.  A  multi-stage  production 
system  can  be  thought  of  as  being  a  production  process  in  which  component 
parts  have  to  be  obtained  by  manufacturing  or  by  purchasing,  then  assembled 

Sj  is  also  called  "must-order  point"  to  contrast  with  the  "can-order 
point"  Cj . 
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into  subassemblies,  assemblies,  and  finally  into  the  finished  good.  It  is 
useful,  for  modelling  purposes,  to  conceptualize  the  system  as  a  network 
in  which  a  node  is  a  location  or  stage;  an  arc  connecting  two  nodes  is  used 
to  represent  an  activity  involving  both  nodes,  and  is  usually  directed. 

The  node  from  which  an  arc  leaves  is  the  predecessor;  the  node  where  it 
ends  is  the  successor.  In  multi-stage  models  we  can  identify  two  kinds 
of  demands  for  the  product  stocked  or  manufactured  at  a  stage:  independent 
demand  coming  from  customers  (or  market  demand) ,  and  dependent  demand 
generated  by  successor  stages. 

A  number  of  multi-stage  configurations  may  be  distinguished: 

-  serial  system  -  each  stage  can  have  no  more  than  one  successor 
and  one  predecessor; 

-  parallel  system  -  each  stage  is  single,  it  serves  only  independent 
demands  (it  has  no  predecessor  or  successor);  however,  stages  may 
share  costs; 

-  pure  assembly  system  -  each  stage  can  have  any  number  of  predecessor 
stages,  but  at  most  one  successor  stage;  the  corresponding  network 
converges  twoard  a  node  which,  in  a  manufacturing  setting,  represents 
the  assemblying  of  the  final  product  to  be  delivered  to  the  customer; 

-  arborescent  system  -  each  stage  has  a  single  predecessor  but  any 
number  of  successors;  the  associated  network  has  a  single  supply 
location; 

-  acyclic  system  -  each  stage  can  have  any  number  of  predecessors  and 
successors  but  the  network  representation  contains  no  cycles,  i.e., 
it  is  not  possible  to  make  a  sequence  of  shipments  such  that  material 
starts  and  ends  at  the  same  location; 

-  general  system  -  the  associated  network  allows  transfers  of  goods 


between  any  two  locations;  the  structure  is  arbitrary  with  no  restric- 


tions  on  the  relationship  between  stages. 


Because  of  the  dependent  demand,  the  treatment  of  multi-echelon 
situations  is  bound  to  differ  markedly  from  the  single  stocking  point 
problem.  In  general,  dependent  demand  does  not  lend  itself  to  statistical 
forecasting  and,  therefore,  the  methods  of  statistical  inventory  control 
are  no  longer  appropriate. 

In  the  area  of  distribution  systems,  comprehensive  surveys  have  been 
written  by  Veinott  [1966],  Clark  [1972],  Aggarwal  [1974],  Karmarkar  [1975]. 

We  chose  to  present  briefly  in  this  section  an  important  concept  in  multi¬ 
stage  inventory  control,  developed  by  Simpson  [1958],  namely  the  base  stock 
system. 

Consider  n  stages  in  series,  where  the  material  flow  takes  place  from 
stage  1  to  stage  2,  then  from  stage  i  to  stage  3,  etc.  The  characteristic 
of  the  base  stock  system  is  that  information  on  actual  customer  demand  is  fed 
back  directly  to  each  stage.  Each  stage  controls  its  ordering  policy  inde- 


Supplier 


Demand  information 


Customers 


Figure  28:  Serial  system  with  n  stages 


pendently  based  on  demand  information  rather  than  reacting  to  its  successor's 
ordering  policy.  .  The  system  acquires  thus  much  more  stability  than  in  the 
case  where  each  stage  sees  only  the  demand  generated  by  its  successor  and 

where  small  changes  in  end-item  demand  can  lead  to  large  oscillations  in 

* 

the  replenishment  orders  and  in  the  levels  of  inventories  upstream. 

In  Simpson's  work,  a  base  stock  level  is  associated  with  each  stage 

_ 

The  phenomenon  is  described  by  Forrester  [1961,  ch.  2]. 
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i=*l,2, . . .  ,n.  When  an  order  is  received  at  one  of  the  stages  i  a  replenish¬ 
ment  order  is  immediately  placed  with  the  predecessor  stage  i-1  for  an 
equal  amount.  When  a  stage  is  out  of  stock  any  demand  which  occurs  then 
at  that  stage  is  backordered;  however,  the  reorder  is  still  placed  with 
the  predecessor  immediately  when  the  demand  arrives.  Thus,  the  on  hand 
inventory  minus  the  amount  backordered  plus  the  quantity  on  order  is  always 
maintained  constant  and  equal  to  the  base  stock  level.  Note  that  when 
end-items  are  withdrawn  from  the  final  stage  n,  a  process  of  explosion 
takes  place  throughout  the  system. 

The  performance  at  stage  i  is  characterized  by  the  service  time  T^ 
defined  as  the  maximum  time  needed  to  fill  ,an  order  placed  against  inventory 
i.  Evidently,  if  inventories  are  high,  smaller  service  times  are  achieved 
and  vic^ -versa.  The  determination  of  the  optimum  service  times  and,  hence, 
the  optimal  base  stock  levels  depends  on  a  policy  variable  set  by  manage¬ 
ment:  the  probability  that  the  service  time  at  stage  i  exceeds  the 
value  of  T^. 

Given  the  a^'s  (i=l,2 . n)  the  base  stock  levels  are  calculated  so 

as  to  minimize  the  expected  inventory  holding  cost  per  unit  time  for  the 
entire  system.  Simpson  also  imposes  the  conditions  that  T^=0,  which  means 
that  the  raw  material  inventory  (stage  1)  is  never  empty,  and  T^O,  i.e., 
delivery  to  the  customer  should  take  place  without  delay.  The  optimal 
solution  is  that  each  stage  should  carry  either  no  inventory  at  all  or  the 
maximum  reasonably  level  of  stock  which  assures  that  the  stage's  inventory 
is  never  empty  (the  equivalent  of  T^O)  . 

In  the  original  development  of  the  base  stock  system,  the  ordering 
or  setup  cost  is  left  out  of  consideration.  However,  when  it  becomes  so 
important  that  neglecting  it  would  affect  the  economics  of  our  decisions, 
the  operation  of  the  base  stock  control  should  be  modified  accordingly. 


_ 
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Certainly  one  would  not  place  a  replenishment  order  after  each  demand; 
rather,  ordering  should  be  made  in  economic  order  quantities  or,  if  demand 
is  not  unit  sized,  a  minimum  amount  should  accumulate  before  an  order  is 
released.  Thus,  an  (s,Q)  or  (s,S)  policy  would  be  used  at  each  stage. 
However,  the  essence  of  the  base  stock  system  must  still  be  retained,  namely 
that  the  r/stera  is  driven  by  actual  customer  demand.  Therefore,  the  values 
of  and  s^  for  stage  i  are  based  on  end-item  demand  forecasts  and  the 
associated  forecast  errors  over  the  replenishment  lead  time  corresponding 
to  stage  i  (Peterson  and  Silver  [1979,  ch.  12]). 

In  the  area  of  multi-stage  production  systems,  the  assumption  about 
the  planning  horizon  appears  to  determine  two  different  approaches  to 
the  problem.  The  infinite  horizon  models  are  of  the  economic  order  quantity 
type;  tney  start  by  evaluating  in-process  inventories,  and  then  minimize 
the  total  of  setup  and  inventory  holding  costs.  In  the  finite  horizon, 
models  demand  occurs  by  time  peri' is,  can  be  deterministic  or  stochastic, 
varying  or  constant  in  time;  usually  these  models  are  of  the  mathematical 
programming  sort.  Some  features  of  a  general  nature  are  reviewed  below; 
for  a  more  detailed  view  of  the  literature,  the  interested  reader  is 
directed  to  Johnson  and  Montgomery  [1974,  ch.  3-8  and  4-7],  and  Candea 
[1977]. 

In  the  multi-stage  lot  size  problem  demand  is,  in  most  cases,  deter¬ 
ministic  and  occur ing  at  a  constant  rate,  costs  are  time-invariant,  and 
the  system  is  assumed  to  be  in  operation  indefinitely  into  the  future.  In 
this  static  environment  the  assumption  of  time-invariant  economic  order 
quantities  is  reasonable.  Schwarz  and  Schrage  [1975]  show  that  under  the 
stated  conditions,  time-invariant  lot  sizes  are  optimal.  If  production  is 
Instantaneous  and  there  are  no  capacity  constraints,  Crowston  and  Wagner 
[1970],  and  Crowston,  et  al.  [1973]  prove  that  in  pure  assembly  systems 
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It  Is  optimal  to  set  the  lot  size  at  stage  s  equal  to  an  integral  multiple 
of  the  lot  size  at  stage  immediately  succeeding  s.  This  is  not  necessarily 
true  when  production  is  non-instantaneous  (see  Jensen  and  Khan  [1972]), 
or  when  the  structure  of  the  process  is  not  pure  assembly.  Cat.dea  [1977] 
finds  the  optimal  lot  sizing  policy  for  the  latter  case,  when  the  process 
is  assembly  leading  to  the  production  cf  an  end-item;  however,  a  stage  is 
no  longer  restricted  to  having  at  most  one  successor,  it  can  have  several 
successors  (e.g.,  a  component  part  produced  at  some  stage  goes  into  two 
or  more  subassemblies  assembled  at  successor  stages) .  Whenever  lot  sizing 
in  integral  multiples  is  assumed  to  be  or  is  optimal,  the  multiples  are 
computed  by  dynamic  programming  procedures,  by  branch  and  bound  lagorithms, 
or  even  by  considering  all  possible  combinations  of  lot  sizes  if  the 
problem  is  small  enough  (Taha  and  Skeith  [1970]).  To  reduce  the  search 
space,  many  procedures  start  out  by  developing  heuristic  bounds  on  the 
range  of  lot  size  multiples  to  be  considered. 

In  the  finite  horizon  models,  in  every  period  of  the  planning  horizon 
a  demand  for  a  nonnegative  amount  of  the  product  (or  products)  under 
consideration  occurs.  If  the  production  process  structure  under  study 
is  facilities  in  series,  the  problem  can  be  represented  as  a  network 
flow  problem  of  the  transshipment  type.  If  the  cost  structure  is  linear 
network  algorithms,  of  the  dynamic  programming  type,  exist  (Zangwill 
[1969]  for  the  single  product  case;  Veinott  [1969]  extends  Zangwill's 
approach  to  arborescent  and  assembly  line  structures) . 

When  an  assembly  system  is  modelled,  the  result  is  no  longer  a  network 
flow  problem;  it  becomes  a  combinatorial  problem,  and  either  dynamic 
programming  or  branch  and  bound  algorithms  are  fit  for  solution.  The 
authors  who  have  studied  this  kind  of  problems  put  considerable  effort 
into: 
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-  exploiting  the  characteristics  of  the  optimal  solution  in  order 
to  provide  good  formulations  for  the  recurrence  equations  in  the 
dynamic  programming  algorithms; 

-  finding  good  bounds  in  the  branch  and  bound  algorithms; 

-  finding  "reasonable"  restrictive  assumptions  upon  the  cost  functions, 
which  would  thus  enable  them  to  develop  better  bounds  and  more  effi¬ 
cient  algorithms. 

In  general,  the  multi-stage  production  problem  is  still  in  an  incipient 
stage  in  terms  of  results  applicable  to  real  world  systems.  The  general 
case  is  pruned  by  assumptions  until  its  structure  allows  solution  by  an 
existing  technique.  For  instance,  capacity  constraints  are  more  often 
than  not  disposed  of*  in  order  to  allow  solution  by  concave  cost  network 
techniques,  and  setup  costs  are  neglected  to  permit  formulation  and  solu¬ 
tion  by  linear  programming. 

While  discussing  multi-stage  systems,  and  since  we  have  already  touched 
upon  the  area  of  production,  we  should  also  mention  the  topic  of  Material 
Requirements  Planning  (MRP).  Conceptualized  for  a  manufacturing  environment, 
MRP  deals  with  the  problems  of  determining  the  requirements  of  components 
(parts,  subassemblies,  assemblies),  establishing  the  points  in  time  when 
the  components  are  needed,  and  scheduling  the  manufacturing  or  purchasing 
of  the  components  so  that  they  become  available  at  the  time  of  usage  and 
not  much  earlier.  The  starting  point  for  MRP  is  the  assembly  schedule,  by 
time  period,  for  the  end-items  (or  final  products);  this  is  called  the 
"master  schedule".  Working  backwards  from  the  master  schedule,  by  a  process 
* 

Capacitated  formulations  may  be  found  but,  usually,  other  simplifications 
are  brought  in:  Dorsey,  et  al.  [1974],  [1975]  study  the  simpler  problem  of 
stages  in  parallel;  von  Lanzenauer  [1970]  waives  the  setup  charges  and 
obtains  a  linear  programming  model;  Klingman,  et  al.  [1977]  develop  a 
formulation  for  a  parallel  system  with  a  planning  horizon  of  one  time 
period;  Gabbay  [1975]  tackles  the  serial  system  with  multiple  products 
under  restrictive  assumptions  on  the  cost  structure. 
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called  "explosion",  the  planned  production  quantities  of  end-product  are 
projected  into  the  appropriate  amounts  of  required  components.  The  book 
by  Orlicky  [1975]  should  make  a  good  starting  reference.  The  increase 
in  computing  capability  brought  about  by  the  advent  of  the  la’-ge  scale  random 
access  computer  has  encouraged  and  has  made  possible  the  adoption  of  the 
method.  Its  popularity  is  due,  in  part,  to  its  straightforwardness  -nd 
its  orderly  and  systematic  approach  to  timed  requirements  planning.  However, 
a  big  problem  has  still  not  been  convincingly  solved:  how  to  draw  a  good 
(leave  aside  optimal)  feasible  master  schedule?  MRP  assumes  the  master 
schedule  as  given,  while  we  have  seen  earlier  that  optimizing  efficient 
techniques  for  production  planning  in  multi-stage  systems  are  yet  to  be 
developed. 

As  already  mentioned  at  the  outset  of  section  5.5,  the  inventory 
replenishment  policies  developed  earlier  assumed  stationary  demand.  When 
this  assumption  is  dropped  we  have  to  deal  with  dynamic  models  for  time- 
varying  demand.  Dynamic  models  usually  have  a  finite  planning  horizon 
consisting  of  T  time  periods,  and  the  demand  is  given  in  the  form  of  d^, 
i“l,2,...,T  to  be  served  in  period  i;  thus,  the  demand  can  vary  from 
period  to  period.  Demand  can  be  deterministic  or  stochastic. 

If  demand  is  deterministic  and  time  invariant,  one  would  order  an 
economic  order  quantity  precisely  one  lead  time  before  the  existing 
stock  would  vanish.  When  demand  is  deterministic  and  time-varying,  a 
similar  policy  should  be  used,  except  that  the  order  quantity  will  also 
change  with  time.  An  extensive  treatment  of  this  topic  has 
been  given  in  Hax  [1978].  In  the  single 

product  case,  for  which  the  optimizing  algorithm  of  Wagner-Whitin  is 
presented  in  the  aforementioned  chapter,  a  number  of  heuristics  are 
proposed,  coming  mainly  from  the  research  work  done  in  connection  with  lot 
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sizing  in  an  MRP  context.  Gorham  [1968]  describes  the  Part  Period 
Balancing  procedure  by  which  the  lot  size  covers  the  requirements  for  a 
number  of  periods  selected  in  such  a  way  that  the  total  cost  of  placing 
orders  be  as  close  to  the  total  carrying  costs  as  possible.  Silver  and 
Meal  [1973]  propose  a  heuristic  that  sets  the  economic  order  quantity  such 
as  to  minimize  total  relevant  costs  per  unit  time  for  the  duration  of 
the  replenishment  quantity.  Other  procedures  are  presented  by  Plossl 
and  Wight  [1971]  and  Orlicky  [1975,  ch.  6].  Berry  [1972]  suggests  an 
experimental  framework  for  systematically  comparing  the  various  lot  sizing 
procedures . 

In  the  case  of  stochastic  demand,  any  attempt  to  use  inventory  control 
policies  of  the  types  described  in  sections  5.3  and  5.4  should  take 
account  of  the  time  variability  of  demand  and,  consequently,  one  would 
expect  that  the  values  of  the  control  parameters  (order  quantity  Q,  order 
point  s,  order-up-to-level  S)  also  become  functions  of  time.  We  have 
seen  the  computational  problems  already  encountered  in  designing  control 
policies  under  stationary  demand  assumptions.  Therefore,  with  dynamic 
stochastic  demand  an  optimization  of  the  policy  control  variables  is  out 
of  the  question  for  any  implementation  purposes,  and  one  has  to  resort  to 
heuristics  (see,  for  example,  Peterson  and  Silver  [1979,  ch.  8.9]).  Unfortu¬ 
nately  this  might  not  be  of  too  much  help  either,  as  the  problem  might  prove 
extremely  difficult  for  reasons  other  than  computational.  Recall  that, 
to  develop  a  dynamic  model  with  stochastic  demand,  one  needs  to  know  the 
distribution  of  demand  in  each  future  period.  Or,  in  the  real  world, 
simply  predicting  what  the  mean  demand  will  be  for  each  future  period  could 
be  a  very  tough  job,  not  to  speak  of  forecasting  the  exact  nature  of  the 
probability  distribution. 
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6  The  System-Management  Interaction  and  Evaluation  Module 

Tl  .s  module  is  intended  to  prqvide  management  with  such  information 
as  to  allow  the  selection  of  policy  variables,  to  permit  an  evaluation  of 
system  performance  and  the  identification  of  problem  areas  where  managerial 
intervention  is  required. 

6.1  Exchange  Curves 

In  section  2.1  a  discussion  on  costs  in  inventory  systems  was  carried 
out.  If  we  refer,  for  instance,  to  the  inventory  carrying  costs  (storage 
and  handling,  property  taxes,  insurance,  spoilage,  obsolescence,  pilferage, 
rent  for  storing  facilities,  capital  costs),  it  is  apparent  that  some 
components  represent  out-of-pocket  expenditures  (e.g.,  rent  for  leased 
storage  space,  or  interest  paid  for  capital  borrowed  from  banks),  other 
components  are  foregone  opportunities  for  return  that  could  be  earned  by 
alternative  uses  of  internal  funds  (e.g.,  company  owned  storage  space 
could  be  used  for  other  productive  activities,  or  internal  funds  tied  up 
in  inventories  might  be  put  to  work  in  alternative  investments  and  produce 
a  certain  rate  of  profit),  and  some  have  both  features. 

Also,  it  is  important  to  realize  that  costs  used  in  production  and 
inventory  control  problems  may  differ  from  the  accounting  costs  as  the 
bases  of  their  definition  can  differ.  Finally,  many  cost  elements  cannot 
be  determined  accurately,  so  accounting  rules  have  to  be  employed  which 
may  change  as  a  matter  of  company  policy. 

The  idea  emerging  from  these  considerations  is  that  some  costs,  to 
the  extent  that  they  include  foregone  opportunities  or  their  definition  is 
subject  to  arbitrary  rules,  can  be  adjusted  so  as  to  help  achieve  certain 
objectives.  Therefore,  they  can  be  thought  of  as  representing  management 
policy  variables. 
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Other  parameters  involved  in  designing  an  inventory  control  system, 
without  being  costs,  are  also  policy  variables,  such  as  the  prespecified 


service  measures  used  in  setting  safety  stocks  (section  4.2.2). 

An  exchange  curve,  shows  the  tradeoffs  that  can  be  achieved  between 
two  or  more  aggregate  measures  of  performance  of  the  inventory  system 
as  the  policy  variable's  value  is  varied.  Thus,  for  instance,  a  large 

* 

value  for  the  inventory  carrying  charge  r  generates  smaller  inventories 
with  more  frequent  replenishments  and  higher  total  ordering  costs.  A  small 
r  encourages  the  buildup  of  inventories  and  reduces  the  annual  replenish¬ 
ment  expenses. 

If  for  a  population  of  n  stocked  items  we  consider  that  the  charge 
r  is  the  same  for  all  of  them,  although  unknown  ^et,  we  can  graph  an 
exchange  curve  in  terms  of  the  total  (i.e.,  across  all  items)  average 
inventory  investment  vs.  the  total  annual  ordering  cost,  having  r  as  a 
parameter  and  assuming  that  all  items  are  replenished  in  economic  order 
quantities. 

* 

The  economic  order  quantity  CL  for  the  i-th  item  is  given  by  Wilson  s 
lc-c  size  formula  (4.1).  It  is  straightforward  to  derive  the  two  aggregate 
measures  mentioned  above: 


Total  average 
inventory  investment 
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By  inventories  we  are  refering  here  to  cycle  or  working  stock.  Safety 
stocks,  for  a  given  level  of  customer  service,  tend  to  increase  as  EOQ 
decreases  as  a  result  of  a  high  r  (see  section  4). 
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The  equation  of  the  exchange  curve  Is  an  hyperbola: 
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It  is  also  true  that: 

Y  =  1 

X  =  r 

and  this  helps  us  pinpoint  various  values  of  the  inventory  carrying 
charge  in  the  exchange  curve. 

If  management  does  not  want  a  total  investment  in  inventory  larger 
on  the  average  than,  say,  $650,000  the  exchange  curve  (Figure  29)  shows 
that  the  inventory  carrying  charge  should  not  exceed  r  =  0.27;  for  this 
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Figure  29:  Exchange  curve  for  a  value  of  £  /a.D  C.  =  478,000,  and 
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value  of  r  the  total  annual  ordering  cost  is  $175,628.  A  value  of  r  =  0.20 
(which  Is  most  commonly  cited  in  the  literature  on  inventory  control  as 
being  typical  of  the  American  manufacturing  industry)  implies  a  total 
average  inventory  investment  of  $755,784  and  ordering  costs  of  $151,157. 

When  exchange  curves  for  safety  stocks  are  derived,  the  policy  variable 
can  be,  for  example,  the  safety  factor  k  (see  section  4)  and  the  aggregate 
measures  may  be  chosen:  the  total  safety  stock  investment  vs.  the  expected 
annual  value  of  backordered  demand.  For  details  see  Brown  [1967,  ch.  14 
and  17)  or  Peterson  and  Silver  [1979,  ch.  6  and  7). 

6.2  How  Much  to  Order? 

We  have  presented  in  section  2  decision  rules  on  economic  order 
quantities  under  various  assumptions.  However,  it  is  important  to  impose 
both  upper  and  lower  limits  to  the  economic  order  quantity  beyond  the 
recommendations  resulting  from  EOQ  calculations. 

Since  we  cannot  trust  usage  rates  over  very  long  periods  of  time,  it 
is  wise  to  allow  for  a  maximum  order  quantity  of  at  most  one  year.  Of 
course,  this  maximum  amount  is  a  management  decision  that  can  be  revised 
any  time  this  seems  advisable.  It  can  also  take  into  account  other 
considerations,  such  as  the  shelf  life  of  the  time.  Thus,  if  the  E00  is 
larger  than  a  one  year  supply  or  the  supplv  over  the  allowable  shelf  life, 
the  smallest  of  the  three  quantities  should  be  used  as  a  replenishment 
order. 

It  also  makes  sense  to  define  a  minimum  amount  to  order;  for  instance, 
the  equivalent  of  one  month  of  demand.  This  would  prevent  ordering  in  such 
small  sizes  that  one  setup  would  follow  after  the  other. 

Minimum  order  quantitites  may  also  be  required  by  outside  suppliers, 
for  whom  it  might  be  uneconomical  to  process  an  order  unless  a  minimum 
amount  is  requested. 
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In  some  production  processes,  such  as  in  the  chemical  industry,  the 
size  of  the  production  batch  could  be  imposed  by  the  capacity  of  certain 
reaction  tanks  or  of  some  special  containers. 

Finally,  for  lumpy  demand  items,  Brown  [1977,  p.  248]  recommends 
that  the  economic  order  quantity  should  be  rounded  upward  to  be  at  least 
as  large  as  the  standard  deviation  of  the  lead  time  demand. 

6. 3  Updating  Frequency  of  System  Parameters 

The  frequency  of  updating  the  system  parameters  depends  on  several 
factors  such  as  whether  the  item  is  fast  moving  or  slow  moving,  whether 
it  is  A,  B,  or  C  class  item. 

A  very  important  parameter  is  the  length  of  the  review  period;  that 
is,  the  length  of  the  time  interval  between  regular  reviews  of  the 
available  inventory.  For  the  important  A  items,  continuous  close  surveil¬ 
lance  is  recommended,  i.e.,  stock  status  should  be  updated  after  each 
transaction.  The  C  class  items  warrant  the  least  attention  and,  therefore, 
large  safety  stocks  and  a  simple  control  system  (e.g.,  the  two-bin  system) 
should  be  employed.  For  all  other  items  it  seems  reasonable  to  recommend' 
the  use  of  one  week  as  a  review  period,  as  a  proxy  for  a  continuous  review 
system. 

Since  demand  forecasts  are  used  primarily  to  define  order  points 
and  order  quantities,  the  updating  frequency  of  the  forecasting  is 
directly  related  with  the  updating  of  EOQ's  and  order  points.  Monthly 
updating  of  order  points  and  quarterly  updating  of  EOQ's  for  fast  moving 
items  are  normally  considered  appropriate.  This  implies  that  demand 
forecasting  should  be  updated  monthly  and  that  the  lead  times  should  be 
expressed  in  months.  However,  for  important  A  items,  the  EOQ  and  order 
point  should  be  reviewed  every  time  an  order  is  placed. 

In  the  case  of  slow  moving  items,  if  demand  forecasts  and  order 
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points  are  based  on  empirical  distributions,  we  suggest  that  the  order 
points  and  EOQ’s  be  updated  only  once  a  year.  However,  when  exponential 
smoothing  with  a  very  small  a  is  used  for  forecasting,  it  is  necessary 
to  update  demand  forecasts  and  order  points  once  a  month,  and  FOQ’s  once 
a  quarter. 

For  lumpy  demand  items,  where  an  (s,S)  ordering  policy  is  appropriate, 
the  maximum  and  minimum  levels  are  revised  once  a  year  or  after  at  least 
30  demand  transactions,  whichever  occurs  earlier  (Brown  [1977,  p.  248]). 

6.4  Actions  to  be  Taken  When  the  Tracking  Signal  is  Triggered 

Section  3.5  has  dealt  with  the  issue  of  tracking  signals  to  monitor 
forecast  errors,  and  a  test  based  on  the  smoothed  forecast  error,  to  check 
whether  the  forecast  is  biased,  was  developed  there.  Discussions  were 
also  presented  in  section  3  on  adaptive  control  techniques,  by  which 
the  value  of  the  smoothing  constant  was  regarded  as  a  parameter  and  its 
value  changed  automatically  in  response  to  indications  from  the  tracking 
signal  of  an  out-of-control  situation. 

We  should  be  aware,  however,  that  forecasting  may  not  be  left  entirely 
under  the  supervision  of  automated  systems,  as  sometimes  fundamental 
changes  occur  in  the  demand  pattern  that  require  human  intervention. 

It  is  also  true  that  if  we  are  dealing  with  a  large  number  of  items,  it 
could  be  impractical  to  study  the  demand  behavior  of  every  item  whose 
tracking  signal  triggers  and,  therefore,  some  mixed  system,  that  combines 
automatic  control  with  managerial  action,  is  needed. 

The  procedure  we  present  here  attempts  to  correct  the  disturbance  the 
first  time  it  occurs  by  automatically  increasing  the  smoothing  constant, 
thus  making  the  forecast  respond  faster  to  actual  demand  changes. 

After  a  specified  number  of  months,  the  computations  switch  back  to  the 
normal  value  of  a,  if  the  forecast  agrees  with  the  demand.  But,  if  the 
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tracking  signal  Is  triggered  while  using  the  fast  smoothing  constant,  a 

report  Is  printed  containing  the  demand  history  for  the  past  12  months 

(or  more  if  available  and  desired)  and  external  intervention  is  requested 

to  correct  the  forecast.  Since  Jn  many  cases  the  increase  of  a  is  suffi- 

* 

cient  to  correct  the  forecasting  inaccuracies,  this  procedure  only  signals 
for  management  analysis  of  those  cases  requiring  external  judgement. 

Particular  values  of  a  which  correspond  to  normal  smoothing  have 
been  discussed  in  section  3.  To  decide  whether  to  use  normal  smoothing 
or  fast  smoothing,  we  reed  to  keep  track  of  a  smoothing  rate  counter, 

COUNT,  for  each  stock  item.  If  the  forecast  model  was  initiated  by  using 
one  year  or  more  of  previous  data,  or  if  we  are  fairly  confident  of 
the  values  used  to  initialize  the  forecasting  model,  the  counter  COUNT 
is  set  to  zero.  If,  however,  we  are  dealing  with  a  new  item  or  one  with 
a  very  short  history,  the  counter  is  set  equal  to  the  number  of  months 
we  think  is  needed  for  the  forecast  to  track  the  demand  properly,  by 
using  the  fast  smoothing  coefficient.  Let  us  say,  for  the  sake  of  being 
specific,  that  we  let  COUNT  =  6.  Actually,  any  number  from  4  to  9  seems 
to  be  appropriate,  depending  on  the  item's  demand  pattern.  Each  month, 
in  the  process  of  revising  the  forecast,  the  counter  value  is  reduced  by 
one,  until  it  reaches  zero. 

Whenever  the  tracking  signal  is  triggered  and  the  counter  is  zero, 
the  normal  smoothing  coefficient  should  be  used;  and  whenever  the  counter 

Sometimes  errors  in  recording  data  may  slip  through  and,  if  large  enough, 
when  processed  in  revising  the  forecasts  might  trip  the  tracking  signal. 
These  one-time  errors  are  normally  corrected  by  the  automatic  procedure 
outlined  above.  However,  to  prevent  this  sort  of  situation  or  at  least 
to  detect  the  big  outliers,  the  concept  of  "demand  filters"  was  developed. 
Thus,  any  actual  demand  which  is  more  than  4  or  5  current  standard  devia¬ 
tions  away  from  the  forecast  should  be  called  to  the  attention  of  an 
*  appropriate  management  person,  as  a  possible  outlier. 
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is  positive,  the  fast  smoothing  constant  should  be  used. 

Whenever  the  tracking  signal  is  triggered  and  the  counter  is  zero, 
automatically  the  counter  is  increased,  say  to  COUNT  =  6,  and  the 
smoothing  rate  takes  on  the  fast  value.  In  this  form,  during  the  coming 
six  months  the  forecast  will  be  uased  more  on  current  demand  and  less  on 
past  history. 

Whenever  the  tracking  signal  is  triggered  and  the  counter  has  a  posi¬ 
tive  value,  this  indicates  that  the  faster  smoothing  is  not  adequate  to 
compensate  for  the  change  in  demand  pattern,  and  management  should 
exercise  judgement  to  incorporate  the  proper  corrections  into  the  model. 

The  computer  should  generate  a  report  containing  the  item  code  number, 
its  cost  (to  measure  the  importance  of  its  contribution  to  inventory 
investment),  the  value  of  the  tracking  signal  detection  limit,  the  type 
of  forecasting  model  used  (with  or  without  trend),  and  historical  infoima- 
tion  of  the  past  12  months  regarding  actual  demand,  forecast  level,  trend 
(if  available),  demand  forecast,  forecast  error,  and  the  standard  deviation 
or  variance  of  the  forecast  errors.  When  the  necessary  corrections  have 
been  made,  the  smoothed  error  is  set  to  zero  and  the  smoothing  rate 
counter  is  set  to  zero  or  six  (say) ,  depending  on  whether  normal  or  fast 
smoothing  is  used,  respectively. 

The  types  of  corrective  actions  management  can  take  to  improve  the 
forecasting  procedures  are,  basically  the  following: 

-  Change  the  forecast  level, 

-  Change  the  forecast  trend,  if  corrections  for  trends  are  used, 

-  Incorporate  trend,  if  corrections  for  trends  are  not  used, 

-  Cancel  trend,  if  corrections  for  trend  were  used  but  that  seem 
inappropriate, 

-  Modify  the  value  of  the  smoothing  constants. 
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-  Modify  the  value  of  the  tracking  signal  factor. 

These  modifications  are  self  explained.  It  may  take  some  time  until 
management  develops  the  proper  skill  to  deal  with  this  problem.  At 
least  until  the  learning  process  is  well  established,  it  could  pay  off  to 
keep  track  of  the  forecast  errors  resulting  from  the  modified  forecasts 
and  the  unchanged  forecasts,  in  order  to  encourage  the  type  of  changes 
which  seem  to  result  in  significant  improvement. 

6.5  Management  Adjustments  to  Statistical  Forecasts 

The  statistical  forecasting  methods  that  we  have  incorporated  in  the 
inventory  control  system  are  designed  to  detect  and  extrapolate  consistent 
patterns  in  past  demand  data  including  base,  trends,  and  seasonalities. 
However,  there  are  many  instances  where  information  is  available  about 
changes  in  the  demand  pattern  that  have  not  yet  taken  place,  that  could 
effectively  improve  the  statistical  forecast  provided  by  the  system. 

Price  changes  development  of  new  items,  advertising  promotions,  competitor 
policies  known  in  advance,  changes  in  the  national  economy,  and  opening 
of  new  markets  are  just  a  few  examples  of  events  that  could  greatly 
affect  the  demand  of  all  or  a  few  items.  These  events  can  be  recognized 
by  management  long  before  they  actually  modify  the  demand  pattern  of  a 
given  item.  Thus,  it  becomes  important  that  management  introduces  these 
subjective  elements  into  the  forecasting  system,  by  adjusting  the 
statistical  forecast  provided  by  the  computer.  Figure  30  illustrates 
the  demand  forecasting  system  when  external  management  adjustments  are 
combined  with  the  statistical  forecast  computations  to  create  the  final 
forecast. 

The  actions  that  management  could  take  to  adjust  the  statistical 
forecast  are  essentially  the  same  actions  that  are  available  when  the 
demand  tracking  signal  is  triggered,  namely: 


Ha  i  ■  k 


Changes 


Demand  forecasting  system  with  management  adjustment 


-  Change  the  value  of  the  forecast  for  the  present  period  with  or 
without  carrying  this  change  into  the  forecast  model. 

-  Modify  some  or  all  of  the  parameters  involved  in  the  forecasting  model, 
i.e.,  smoothing  coefficients,  level,  trend,  tracking  signal  factor. 

-  Modify  the  type  of  forecasting  model  used,  i.e.,  forecasting  with 
or  without  trend,  consideration  of  seasonal  cycles. 

Whatever  the  change  may  be,  when  a  forecast  adjustment  results  exclu¬ 
sively  from  management  intervention,  it  is  important  to  keep  track  separately 
of  the  forecast  errors  incurred  by  the  adjusted  forecast  and  by  the  unchanged 
statistical  forecast.  In  this  way,  a  measure  of  performance  can  be  attached 
to  external  adjustments  and  a  learning  process  can  be  established,  by 
encouraging  the  continuation  of  those  kinds  of  changes  which  usually  improve 
the  forecast  and  by  discouraging  changes  in  the  wrong  direction. 

6.6  Production  and  Inventory  Control  System  Outputs 

The  purpose  of  this  section  is  to  provide  a  very  general  discussion  on 
the  type  of  outputs  we  could  expect  to  generate  from  a  production  and  inven¬ 
tory  control  system.  The  system  outputs  can  be  divided  into  four  categories: 

A.  Operating  documents  which  include  shop  orders,  purchase  requisitions, 
and  finished  product  final  assembly  orders, 

B.  Routine  status  reports, 

C.  Management  exception  reports, 

D.  Analysis  reports. 

The  operating  documents  are  those  which  direct  the  production  operations. 

The  primary  purpose  of  the  production  and  inventory  control  system  is  to 


Issue  these  documents  at  the  appropriate  times  for  the  required  quantities 


The  routine  status  reports  are  used  for  reference  purposes  and,  to  some 


extent,  for  management  review  to  check  that  the  system  is  operating 


satisfactorily.  The  management  exception  reports  are  intended  to  draw 


attention  to  particular  problem  areas  and  usually  requires  some  management 


intervention  or  judgement.  The  analysis  reports  periodically  summarize 


various  operating  statistics  and,  therefore,  permit  an  evaluation  of  the 


operating  performance  in  the  recent  past.  These  reports  can  be  used  to 


identify  more  general  problem  areas  than  are  specified  in  the  management 


exception  reports  and  also  provide  data  which  serves  as  a  basis  for 


We  now  provide  brief  comments  regarding  each  type  of  output  we  may 


consider  appropriate  in  a  production  and  inventory  control  system 


A.  Operating  Documents 


1.  Shop  Orders.  Shop  orders  are  the  documents  which  direct  the  in-plant 


production  of  manufactured  products 


2.  Purchase  Requisitions.  These  documents  generate  a  request  to  initiate 


the  replenishment  of  a  particular  purchased  item  for  a  specific  quantity 


B.  Routine  Status  Reports 


1.  Inventory  Status.  The  inventory  status  report  is  prepared  once  every 


review  period  and  shows  the  various  status  information  for  each  item 


for  which  there  is  some  physical  inventory  or  for  any  item  which  is 


designated  as  a  stocked  item  but  which  may  not  have  any  inventory  at 


2.  Non-Stock  Items  Requirement  Status.  The  non-stock  items  requirement 


status  report  shows  the  level  of  known  requirements  based  on  open 


orders  by  the  date  of  requirements  in  the  future.  It  shows  whether 


a  shop  order  or  a  purchase  requisition  has  been  released  as  yet  to 
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cover  the  requirements  or  if  not,  the  date  on  which  the  document  will 
be  geneiated. 

3.  Shop  Order  and  Purchase  Requisition  Status.  This  report  is  primarily 
intended  to  show  the  degree  or  completion  of  partially  completed  open 
orders. 

4.  Finished  Product  Requirement  Status.  This  report  shows  the  level  of 
future  customer  order  commitments  for  each  finished  product.  It  shows 
the  number  of  customer  orders  for  which  shipment  is  past  due  for  each 
finished  product. 

5.  Open  Customer  Order  Status.  This  report  lists  each  open  customer 
order,  i.e.,  all  of  the  items  included  in  the  order  which  have  not  been 
shipped  and  the  status  of  each  item. 

C.  Management  Exception  Reports. 

1.  Customer  Order  Edit  Rejects.  This  report  lists  the  customer  orders 
and  order  changes  which  were  entered  into  the  system,  but  which  were 
rejected  because  of  some  type  of  validity  check,  error. 

2.  Inventory  Shortage.  It  may  be  decided  to  have  inventory  shortages 
reported  in  two  different  ways.  One  report  lists  the  inventory  short¬ 
ages  by  items,  i.e.,  it  identifies  each  shop  order  number  for  which 
each  item  is  backordered,  the  date  the  backorder  occurred  and  the 
quantity  unfilled.  This  report  is  a  quick  indication  of  how  great 

the  need  is  for  a  particular  item.  The  other  version  of  the  inventory 
shortage  report  would  organize  the  information  by  shop  order,  listing 
all  components  required  for  the  shop  order  which  are  not  available 
and  will  also  specify  the  quantity  required  of  each.  This  report  is 
useful  to  determine  which  items  are  holding  up  production  of  the  parti¬ 
cular  shop  order. 

3.  Past  Due  Report.  This  report  lists  all  of  the  open  shop  orders  which 
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have  not  been  completed  by  the  specified  due  date,  the  open  purchase 
requisitions  for  which  the  material  has  not  been  received  by  the 
specified  due  date,  and  the  open  customer  orders  which  have  not  been 
shipped  by  the  specified  promised  shipping  date. 

4.  Forecast  Tracking  Error  Signals.  Whenever  the  forecasting  procedures 
are  not  tracking  demand  in  a  satisfactory  way  automatically  a  message 
is  released  indicating  the  forecast  tracking  error.  According  to  the 
magnitude  of  this  error  and  the  frequency  in  which  this  error  occurred, 
an  automatic  correction  is  made  by  the  system  or  a  notice  is  released 
indicating  the  need  of  outside  management  intervention  (just  discussed 
in  section  6.4) . 

D.  Analysis  Reports 

1.  Shipping  on  Time/Delay  Performance.  This  report  analyzes  the  shipping 
performance  for  customer  orders. 

2.  Vendor  on  Time  Delivery /Quality  Performance .  This  report  would  contain 
an  analysis  of  the  purchase  orders  placed. 

3.  Vendor  and  Shop  Lead  Time  Analysis.  This  report  contains  an  analysis 
of  the  manufacturing  lead  time  on  shop  orders  and  purchase  delivery 
lead  times  on  purchase  requisitions  on  all  such  actions  in  the  past 
quarter. 

4.  Production  Rate  Report.  The  production  rate  for  an  item  is  the  rate 
at  which  units  are  finished  once  the  first  unit  in  a  lot  has  been 
completed.  It  is  determined  by  dividing  the  total  number  of  units  in 
a  lot  by  the  elapsed  time  between  the  date  the  first  unit  is  completed 
and  the  date  the  last  unit  is  completed. 

5.  Inventory  Service  Performance.  This  report  shows  for  each  stocked 
item  the  number  of  purchase/manufactured  lots  completed  in  the  past 
quarter,  the  completion  performance  on  this  lot,  i.e.,  the  number 
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that  were  completed  on  time  and  the  number  of  days  late  for  any  late 
orders,  the  total  usage  over  the  past  quarter  and  the  total  number  of 
units  backordered  over  the  period. 

6.  Usage  Cost  Rank  Listing.  This  report  lists  all  products  ranked  in 
order  of  their  usage  during  the  past  year,  to  be  used  as  the  basis 
for  the  ABC  item  classification  (see  section  4.1). 

7.  Inactive  Stock  Report.  This  report  lists  all  of  the  items  which  did 
not  have  any  usage  during  the  past  year,  but  for  which  there  is  some 
stock  in  inventory. 

8.  Suggested  Classifications  for  Made-to-Order  Versus  Stock.  This  report 
is  the  result  of  the  made-to-order  versus  stock  analysis  performed 

on  each  finished  product  (section  5.1).  For  each  finished  product 
the  report  indicates  one  of  the  following  four  classifications  as  the 
result  of  the  analysis: 

-  Stock  because  of  the  delivery  service  requirement 

-  Stock  because  of  economic  justification 

-  Made-to-order  because  of  economic  justification 

-  No  clear  economic  advantage 

9.  Finished  Product  Minimum  Promised  Delivery  Time.  This  report  specifies 
the  minimum  delivery  time  that  can  be  provided  for  each  finished 
product  based  on  the  total  manufacturing  lead  time  of  the  finished 
product . 
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